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PREFACE

Through its rapid progress in the last decade, H*control became an
established control technology to achieve desirable performances of con-
trol systems. Several highly developed software packages are now avail-
able to easily compute an H*controller for anybody who wishes to use
H*control.

It is questionable, however, that theoretical implications of
H>control are well understood by the majority of its users. It is true
that H%control theory is harder to learn due to its intrinsic mathemat-
ical nature, and it may not be necessary for those who simply want to
apply it to understand the whole body of the theory. In general, how-
ever, the more we understand the theory, the better we can use it. It
is at least helpful for selecting the design options in reasonable ways to
know the theoretical core of H*control.

The question arises: What is the theoretical core of H*™ control? 1
wonder whether the majority of control theorists can answer this ques-
tion with confidence. Some theorists may say that the interpolation
theory is the true essence of H*control, whereas others may assert that
unitary dilation is the fundamental underlying idea of H*control. The J-
spectral factorization is also well known as a framework of H*control. A
substantial number of researchers may take differential game as the most
salient feature of H*control, and others may assert that the Bounded
Real Lemma is the most fundamental building block. It may be ar-
gued that, since the Bounded Real Lemma is just a special case of linear
matrix inequality (LMI), the LMI is more fundamental as the theoret-
ical foundation of H%control and is a panacea that eliminates all the
difficulties of H*°control.

All these opinions contain some truth. It is remarkable that
H%>control allows such a multitude of approaches. It looks entirely differ-
ent from different viewpoints. This fact certainly implies that H°°control
theory is quite rich in logical structure and is versatile as an engineer-
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viii Preface

ing tool. However, the original question of what is the theoretical core
of H*control remains unanswered. Indeed, every fundamental notion
mentioned has a method of solving the H*control problem associated
with it. Unfortunately, however, lengthy chains of reasoning and highly
technical manipulations are their common characteristic features. For
instance, the method of unitary dilation, which first gave the complete
solution to the H*control problem, requires several steps of problem
reductions starting with the Nehari problem [28]. The game-theoretic
approach seems to be the most comprehensible because it reduces the
problem to a simple completion of squares. This approach, however,
introduces unnecessary complications concerning the initial condition.
The issue of internal stability as well as the optimality is not well ad-
dressed by this approach. It is indeed remarkable that we have not yet
found a proper framework to describe H*control theory in a clear and
self-contained way so that the intrinsic features are explicitly exposed.

This book is a compilation of the author’s recent work as an attempt
to give a unified, systematic, and self-contained exposition of H*control
theory based on the three key notions: chain-scattering representation,
conjugation, and J-lossless factorization. In this new framework, the
H>control problem is reduced to a J-lossless factorization of chain-
scattering representation of the plant. This is comparable with the sim-
ilar fact that the LQG (Linear Quadratic Gaussian) problem is reduced
to the Wiener-Hopf factorization of a transfer function associated with
the plant and the performance index. It is the author’s belief that the
approach proposed in this book is the simplest way to expose the fun-
damental structure of H*®control embodying all its essential features of
Hcontrol that are relevant to the design of control systems.

Our scenario of solving the problem is roughly described as follows.

(1) The cascade structure of feedback systems is exploited based on
the chain-scattering representation, and H%control is embedded
in the more general framework of cascade synthesis.

(2) The H*control problem is reduced to a new type of factorization
problem called a J-lossless factorization, within the cascade frame-
work of control system design.

(3) The factorization problem is solved based on J-lossless conjugation.

Our approach is not entirely new. Among the three key notions, the
first two are already well known. The chain-scattering representation is
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used extensively in various fields of engineering to represent the scatter-
ing properties of the physical system, although the term chain-scattering
is not widely used except in circuit theory and signal processing where
this notion plays a fundamental role. It was introduced in the control
literature by the author. J-lossless factorization is an alternative expres-
sion of the well-known factorization in the literature of H*control which
is usually referred to as J-spectral factorization in order to facilitate the
cascade structure of synthesis. The conjugation is entirely new and was
formulated by the author in 1989 as a state-space representation of the
classical interpolation theory. It turned out to be a powerful tool for
carrying out the J-lossless factorization.

Finally, the approach in this book throws a new light on the meaning
of duality in H®control. In the chain-scattering formalism, the dual
s equivalent to the inverse. The duality between the well-known two
Riccati equations is explained as a natural consequence of the chain-
scattering formalism itself.

In writing the book, we considered the following points to be of
paramount importance.
(1) The exposition must be self-contained.
(2) The technicalities should be reduced to a minimum.
(3) The theory must be accessible to engineers.

Concerning point (1), the reader is not required to have a background
of linear system theory beyond the very elementary level which is actually
supplied in this book in Chapters 2 and 3. All the technical complications
are due to the augmentations of the plant in forming the chain-scattering
representation. These augmentations have their own relevance to the
synthesis problem beyond the technicalities. In Chapters 2 and 3, some
basic preliminaries of linear system theory and associated mathematical
results are briefly reviewed. Chapter 4 is devoted to the introduction of
chain-scattering representations of the plant. Various properties of the
chain-scattering representations are discussed. The J-lossless matrix is
introduced in this chapter as a chain-scattering representation of lossless
systems. The notion of J-lossless conjugation is introduced in Chap-
ter 5 with emphasis on its relation to classical interpolation problems.
Chapter 6 deals with J-lossless factorization based on J-lossless conjuga-
tion. The well-known Riccati equations are introduced characterizing the
existence of J-lossless factorization. The H%control problem is formu-
lated in Chapter 7 in the frequency domain. The problem is reduced to
the J-lossless factorization of the chain-scattering representation of the
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plant. The state-space solution to the H*control problem is obtained in
Chapter 8. Chapter 9 discusses the closed-loop structure of H*control
systems.

This book was projected five years ago, but the writing didn’t go
smoothly due to the author’s lack of time to concentrate on it. The first
drive to write the book was obtained when the author stayed at Delft
University of Technology for three months in the summer of 1994. Pro-
fessor Dewilde taught me a lot about the deep theory of chain-scattering
representation through stimulating discussions. I would like to express
my sincere gratitude to him for giving me this unusual opportunity. The
second drive to complete the book was gained when the author stayed at
UC Berkeley as a Springer Professor in the Spring of 1995. I was given
the good fortune to deliver a series of lectures on H* control. This book
took its final shape during these lectures. I owe a great deal to Professor
Tomizuka for giving me this valuable experience and to Professor Packard
for his patience in attending all of my lectures. My gratitude also goes to
my colleagues, Dr. Kawatani, Professor Fujii, Dr. Hashimoto, Dr. Ohta,
and Dr. Yamamoto, and many students who helped me in my research
on H%*control; Mr. Okunishi, Dr. Xin, Dr. Zhou, Dr. Baramov, Miss
Kongprawechnon, Mr. Ushida, and many others. I am greatly indebted
to a research group on control theory in Japan which gave me continual
encouragement during the last decade through the private workshops,
collogia, correspondences, and so on. The discussions with Professors
Hosoe, Mita, and Hara gave me many ideas and suggestions. I am also
grateful to Messrs. Monden, Oishi, Suh, and Oku, and Mrs. Ushida who
typed my manuscript and made extensive corrections through the care-
ful reading of the draft. Finally, I am thankful to Ms. Yoshiko Kitagami
who created nice artwork for the cover of this book.
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Chapter 1

Introduction

1.1 Impacts of H*Control

Before 1960, control theory was composed of several classical theorems
such as the Routh-Hurwitz stability criterion, Nyquist stability theorem,
Bode’s dispersion relations, Wiener’s realizability criterion and factor-
ization theory on the one hand, and a set of design algorithms such as
lead-lag compensation, Smith’s prediction method, Ziegler-Nichols ulti-
mate sensitivity method, Evans’ root locus method, and the like on the
other hand. Although the preceding theoretical results were highly re-
spected, they were not closely related to each other enough to form a
systematic theory of control. However, classical design algorithms such
as lead-lag compensation were not clearly formalized as a design problem
to be solved, but rather as a tool of practices largely dependent on the
cut-and-try process. They were usually explained through a set of ex-
amples. In classical textbooks of control theory, we frequently encounter
statements that emphasize the cut-and-try nature of control system de-
sign such as the following one:

In general, however, a certain amount of trial-and-error analysis is nec-
essary, especially if the specifications are not reading phrased simply in
terms of unknown parameters [94, p.335].

The problem is whether the cut-and-try nature is the intrinsic at-
tribute of control system design or if it is due to the incompleteness of
our theory. We have no complete answer to this problem for the moment,
but it is clear that in the classical era, the cut-and-try was regarded as
an important ingredient of control system design. In summary, classi-
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2 Chapter 1. Introduction

cal control theory was composed of two parts: several great theorems
and highly heuristic design methods. These two parts are coupled only
loosely and indirectly.

The advent of the modern state-space approach in 1960 owing to
Kalman [46][45] innovated the fundamental structure of control theory.
Several independent classical theorems were replaced by a logical stream
represented by the definition-theorem-proof format. Design procedures
were stated as the solutions of control problems formulated in terms of
the state-space description of the plant, rather than cut-and-try-based
practices. As modern control theory successfully advanced, a new re-
search field called dynamical system theory emerged which covered not
only control theory but also circuit theory, signal processing, and esti-
mation theory. Through far-reaching progress of linear system theory
in the 1960s, control theory evolved into a research field with abundant
highly-sophisticated theoretical topics from those of eaborating cut-and-
try practices.

We must notice, however, that modern control theory was created
not from practical needs in industry, but from purely academic motiva-
tion [46]. Through its rapid progress in the 1960s, it had little impact
on control practices in industry, except for the space and military in-
dustries. It became a target of criticism by control engineers working
in industry and classical control theorists from older generations. They
claimed that modern control theory wasn’t relevant to real world control
problems due to its unrealistic and over-simplified problem formulation.
Theory/practice gap was a popular issue of arguments inside the control
community.

The arguments on this issue sometimes triggered an emotional antag-
onization between the two camps. Those who were with modern control
theory were forced to prove that the modern approach was suitable for
the design of contemporary control systems. It was true, however, that
99% of control systems working in industry were designed untheoretically
at that time. The sharp difference between the elegance of modern con-
trol theory and the complexity of real systems was not only clear but also
overwhelming to many people. Those who were reluctant to recognize
applicability of modern theory tended to respect classical control the-
ory in which theoretical results were only loosely coupled with practical
designs which are highly ad hoc.

The arguments of modern versus classical control theories some-
times led to the debate on the superiority between the time-domain
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and the frequency-domain frameworks. Those who sided with the time-
domain analysis and synthesis claimed that the time-domain (state-
space) methods were suitable for large-scale computations, whereas those
who had affection for frequency-domain treatments claimed the clarity
and tractability of the design philosophy based on transfer functions [42].
Those arguments focused upon dichotomies such as

Modern versus Classical
Time-Domain versus Frequency-Domain

Theory versus Practice

which were embedded in the development of control theory during the
1960s and 1970s. Although these dichotomies made the control com-
munity unnecessarily argumentative, they gave strong incentives for the
further progress of control theory. The existence of these dichotomies
was clear evidence that our theory was far from complete.

There have been repeated attempts to establish a new paradigm of
control theory in order to reconcile these dichotomies. A typical exam-
ple was the frequency-domain design methods of multivariable control
systems proposed by the British School [83][73][74]. An older but still
continuing effort along this line was the quantitative feedback theory by
Horowitz and his colleagues [40][41]. Many of these attempts tended to
de-emphasize the role of theory in the design of control systems, because
classical theory never formulated the design problem in a rigorous way
and left the design in the realm of experience and insight. For instance,
the Inverse Nyquist Array Method proposed by Rosenbrock [83] seemed
to be a sensible way to carry out the design. But theoretically, it was too
naive. It seemed disconnected from the great theoretical contributions
of Rosenbrock himself to system theory based on the singular pencil [82].

What was really required to reconcile the dichotomies we were faced
with was to formulate the design problems classical theory dealt with in
a clear and rigorous way. Zames seemed to be the first person who was
aware of this need and who actually tried to do this job [107].

H®control theory was the first successful attempt to reconcile
(“aufheben”) various dichotomies by deepening, not by de-emphasizing,
the role of theory. H%control theory has almost completely eliminated
the dichotomy of modern versus classical control theories by formulating
the design issues of classical control properly and has solved it based on
the state-space tools of modern theory. Classical methods of frequency-
domain synthesis have revived in a more general, rigorous and elaborate
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context supported by powerful state-space tools. The theory-practice
gap was no longer a significant issue at the beginning of the 1990s due to
a number of successful applications of H*control to real design problems,
especially applications of H* based robust control theory.

Since the beginning of the 1980s, it was gradually recognized that the
real issue of control engineering we were faced with was the difficulty of
modeling the plant to be controlled. Robust control theory became the
most popular area that was expected to deal with model uncertainty [84].
H*control timely supplied a powerful tool for robust control. Summing
up, the dichotomies created by the birth of modern control theory that
characterized the control engineering of the 1960s and 1970s were almost
eliminated by the advent of H*-based robust control theory. It should
be noted that there were some other important factors which made these
dichotomies obsolete. We should not underestimate the impact of the
rapid progress of microelectronics which has contributed to economically
develop and implement the sophisticated algorithms of modern control
theory.

The increasing demand for higher performance of control cannot be
satisfied by naive tuning of controllers. As the need grows to control
more complex systems, the difficulty of modeling manifests itself. This
is a crucial defect of traditional model-based control strategy including
H*control. Being faced with the difficulty of modeling plant dynamics,
methods of model-free control such as fuzzy control and rule-based con-
trol began to receive a considerable amount of attention from practical
control engineers. These new types of control strategies have created a
new dichotomy of

Model-based versus Model-free,

which is much more crucial and fundamental than those of the 1960s and
1970s. A detailed discussion of this dichotomy is beyond the scope of
this book.

Now we discuss several distinguished features of H*control to con-
cretize the preceding descriptions. The block diagram of Figure 1.1 is
now used extensively in the control literature as a natural scheme for de-
scribing the plant and the controller. Actually, the convention of taking
z as the controlled error rather than the controlled variable in Figure 1.1
is relatively new and was brought to the control literature by H*control.
It already appeared in 1984 in Doyle [22]. The scheme of Figure 1.1 is
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versatile in expressing various performance indices assigned to closed-
loop systems including those for LQG in the circumstance that trade
offs among various design specifications are required. Now the scheme
of Figure 1.1 has been evolved to that of Figure 1.2, to describe the
plant uncertainty in a more explicit way. The most advanced robust
control strategies evolve around Figure 1.2 in which H*control plays a
crucial role. Perhaps the largest impact of H%control is its ability to
deal with plant uncertainties in a proper way. This ability of H*control
is due to the fact that most robustness problems are reduced to the small
gain theorem and the H*norm, or its extended form is the only relevant
quantitative measure for this theorem [106]. Robust control theory was
already an active research area in the early 1980s. The central tool there
was the singular value decomposition [62][25]. The notion of singular
value is very close to H*norm, and it was just a matter of time until
the two fields merged.

P

K

Figure 1.1 Description of Control Systems.
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Figure 1.2 Description of Control Systems with Uncertainties.
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Actually, things didn’t go so directly. H*control strategy was first
connected intrinsically with a synthesis aspect of robust control in [50]
implicitly. The connection was made explicit in [32], and the robust
stabilization problem became the simplest case of H*control. Now
H*control is a powerful and indispensable tool for more sophisticated
design methods of robust control such as p-synthesis [21].

In addition to the ability of dealing with various robustness issues in
the synthesis of control systems, H*control can be used to achieve a de-
sired shaping of the loop transfer function, as is discussed in [75]. Choos-
ing appropriate frequency-dependent weights is a crucial task rather than
choosing controller parameters as in the classical approach. Once a set
of weights is chosen, the computation enters in the modern framework of
state-space. Since the shaping of the loop transfer function is a typical
method of classical control system designs such as lead-lag compensa-
tion, we can say that H*control has successfully amalgamated classical
and modern control methodologies, as was addressed previously. This
is indeed a novel contribution of H*control theory. The shaping of the
loop transfer function, however, is effective only approximately, although
it is simple and clear [25]. The true power of H*control is demonstrated
as a method of closed-loop shaping in the frequency domain under the
need for tradeoffs among various constraints and specifications. Since
the closed-loop shaping is more directly connected to design objectives
and is clearly done by H*control, we no longer need to rely on open-loop
shaping [75].

Looking into the structure of an H*controller in detail, we find that
it is nothing but a familiar quasi-state feedback with observer just like
an LQG controller. However, there is an important structural differ-
ence between H* and LQG controllers. The H*controller contains the
estimated worst-case exogenous signal. The worst-case point of view is
another salient feature of H*°control which distinguishes H*control from
others. This nature of H*controllers comes from the fact that the H*®
norm is an induced norm. The controller assumes that the exogenous
signal (disturbarce and/or noise) enters in the worst way for the con-
troller as if it were manipulated by a malicious anti-controller. Extensive
analysis of this feature of H*control was made in [9][70].

Finally, it is worth noting that H*control includes LG control as
a limiting case. More precisely, as the specified closed-loop norm bound
(normally denoted by <) tends to infinity, the so-called central solution
of the H*control problem converges to the corresponding LQG control.
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The situation can be compared to the fact that Newtonian mechanics is
an extreme case of quantum mechanics when the Planck constant goes
to zero. Therefore, the question, which is superior, LQG or H®, is
nonsense. The H*control is at a higher level of logical state than LQG
control.

1.2 Theoretical Background

In the early stage of the development of H*control theory, the classical
interpolation theory of Nevanlinna and Pick [77][78] played a fundamen-
tal role. Before this theory was brought forward by Francis and Zames
in [29] in an advanced form, some optimization techniques in general Ba-
nach space were used in [107][108] that seemed to be much weaker than
the familiar optimization method by orthogonal projection in Hilbert
space which is used extensively in LQG theory. The interpolation theory
was used in a more elementary way for solving the disturbance reduction
problem [12] and the robust stabilization problem [50] independently.
The application of interpolation was really the first thrust towards the
complete solution.

Let us just briefly explain the relevance of the interpolation problem
to H*®control. In Figure 1.1, we assume that the plant P(s) is described

w(s) } [ Pu(s) Pis(s)

2(s) w(s)
L(a) w(s) | = | Puls) Puls) [ucs)]' (1)

Then the closed-loop transfer function ®(s) from w to z is given by

@(8) = Pll(s) + P12(S)K(S)(I — PQQ(S)K(S))_I.Pgl(S). (12)

= P(s)

Let us consider first the case where Py;(s) (4 = 1,2; j = 1,2) are
all scalar. Assume that Pjs(s) has a zero in the right half plane,
that is, Pja(z1) = 0, Re [z1] > 0. The requirement of internal sta-
bility prohibits the cancellation of this unstable zero by a pole of
K(s)(I — Px(s)K(s))" Py (s) in (1.2). Thus, we have

®(21) = Pri(21). (1.3)

This is an interpolation constraint to be satisfied by all the admissible
closed-loop transfer functions, irrespective of the selection of the con-
troller. An analogous argument applies to the unstable zeros of Py(s).
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The interpolation constraints of the type (1.3) are dictated by the re-
quirement of internal stability. Construction of a norm-bounded analytic
function ®(s) satisfying the interpolation constraints (1.3) is exactly the
subject of the classical interpolation theory [77][78]. The detailed expo-
sition of the classical interpolation theory is found in the survey papers
[69][16][55][56][105], and the monograph [4].

Let us consider next the MIMO case where both Py5(s) and Ps(s)
are square and invertible. Let z; be an unstable zero of Pj5(s), that is,
det Pi3(21) = 0, Re 2; > 0. In this case, we can find a vector & # 0 such
that

&l Pia(z1) = 0.

This relation implies

1 ®(21) = £ Pu(=), (1.4)
which must be satisfied by every admissible closed-loop transfer function
®(s). The identity (1.4) can be regarded as an interpolation constraint
at s = 2z; in the direction of £7. This type of interpolation problem was
first investigated by Fedcina [27] and elaborated by the author in [52][53].
Although the relevance of interpolation theory to H*control was quite
clear in terms of the plant transfer function P(s) in the case that Ps(s)
and Py (s) are square, it was not an easy task to translate it into the
language of state space. The notion of J-lossless conjugation introduced
in [54] was a representation of the classical interpolation theory in the
state space. The Pick matrix which plays a fundamental role in the
classical interpolation theory is generalized and represented as a solution
to the algebraic Riccati equation.

Actually, the J-lossless conjugation is more than a state space repre-
sentation of the classical interpolation theory. It naturally leads to the
notion of J-lossless factorization which represents a given matrix G(s) as
the product of a J-lossless matrix ©(s) and a unimodular matrix II(s),
that is,

G(s) = O(s)II(s). (1.5)

The J-lossless factorization is an extension of the so-called J-spectral
factorization which is written as

GT(—s)JG(s) = T (—s)JII(s), (1.6)

where J is a signature matrix. The relation (1.6) is easily derived from
(1.5) using the relation ©7(—s)JO(s) = J which is a defining property
of the J-lossless matrix.



1.2. Theoretical Background 9

A salient feature of classical interpolation is its cascade structure.
The Schur-Nevanlinna algorithm to solve the problem recursively results
in the interpolants in the factorized form that was extensively used in
circuit theory [38][104]. In the same vein, the J-lossless factorization
(1.5) is closely related to the cascade structure of the closed-loop system
which is exploited in the framework of the chain-scattering representation
of the plant. The closed-loop transfer function (1.1) is written as

O(s) = (Gui(s)K(s) + G12(5))(Ga1 () K (s) + Ga(s)) ! (1.7)

in terms of the chain-scattering representation G(s) of the plant. It is
easily seen that if K (s) is represented in the same way as in (1.7), that
is,

K(s) = (Hu1(s)L(s) + Hia(s))(Ha1(s)L(s) + Hao(s)) ™, (1.8)

then substitution of (1.8) in (1.7) yields a similar type of expression for
®(s) as

@(s) = (J11(s)L(s) + J12(s)) (a1 (5) L(s) + Joa(s)) ",
where J(s) is the cascade connection of G(s) and H(s), that is,
J(s) = G(s)H(s).

This is what we call cascade structure. The chain-scattering represen-
tation of systems enables us to treat the feedback connection as a cascade
connection. This framework makes everything much simpler and clarifies
the fundamental structure in a straightforward way. This property of the
chain-scattering representation has been extensively used in a variety of
engineering fields to represent the scattering properties of physical sys-
tems. The factorization (1.5) is especially fit for exploiting the cascade
structure. It should be noted that we made the assumption that both
Py5(s) and Py (s) were square and invertible to derive the interpolation
condition (1.3). Extension to general cases was a serious issue in the mid
1980s.

In parallel with the approach by interpolation theory, there had been
a method to solve the H*control problem based on the AAK theory
[1]. This approach solved the problem under the same invertibility con-
dition by reducing it to the Nehari extension problem [31]. For general
cases, the problem is formulated as the general distance problem in this
approach and was finally solved based on the unitary dilation which is a
highly sophisticated mathematical machinery in operator theory [14].
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It is a serious problem that the chain-scattering representation does
not exist for nonsquare cases. This difficulty seems to be the main reason
that the chain-scattering formalism has not been used as a theoretical
framework for H*control, in spite of its suitability and compatibility
for H*control of square plants. To circumvent this difficulty, a slightly
different cascade structure was used in [35][95] and [96] which does not
require the plant invertibility. This approach was successful in reducing
the problem to the J-spectral factorization (1.6). The reasoning used
in [35] and [96] look much more transparent than those in the approach
of the general distance problem which uses a long string of problem re-
ductions and a considerable amount of plant augmentations [31][34][3].
The J-spectral factorization approach in [35][96], however, is quite tech-
nical and the structure of H*control is still obscured. The meaning of
factorization itself is not clear.

Our remedy taken in this book is to augment the plant in such a
way that allows the chain-scattering representation and/or its dual form.
More precisely, we append fictitious input «’ and output %’ to the original
plant to make Pja(s) or Ps(s) square and invertible, as is shown in Fig-
ure 1.3. The chain-scattering representation can be obtained for those
augmented plants and we can use the cascade structure for this repre-
sentation. The crucial problem is that the synthesis of the controller
should be done under the restriction that these fictitious inputs and/or
outputs are not usable. We have found that a certain class of augmen-
tations cannot improve the control performance from the viewpoint of
H>control. In these augmentations, the fictitious input and output are
useless for reducing the H*°norm bound of the closed-loop transfer func-
tion. These augmentations are called mazimum because the solutions of
the Riccati equations associated with these augmentations are maximum
in the solutions associated with other augmented plants. Identifying such
a particular class of augmentations sheds new light on the fundamental
structure of H* control. This part is new and has not been published
elsewhere.

2 w
y/ P u
y u

K

Figure 1.3 Augmented Plant.




Chapter 2

Elements of Linear System
Theory

2.1 State-Space Description of
Linear Systems

A linear system is described in the state space as

t = Az+ Bu, (2.1a)
y = Cx+ Du, (2.1b)

where u € R", y € R™, and ¢ € R" are the input, the output, and the
state, respectively. The differential equation (2.1a) is usually referred to
as a state equation, which is solved to be

t
2(t) = e*2(0) + | "D Bu(r)dr, (22)
0
where A A2
At __ o
et =1+ TR (2.3)

Differentiation of (2.3) yields

d
:ﬁe““ = Ae™. (2.4)
In the description (2.1), the input u(t) and the output y(t) are visible
externally, whereas the state z(¢) is not. The state is only accessible

indirectly through the input u(¢) and the output y(¢). In this sense,

11

H. Kimura, Chain-Scattering Approach to H*® Control, Modern Birkhéuser Classics,
DOI 10.1007/978-0-8176-8331-3_2, © Springer Science+Business Media, LLC 1997
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the state has less physical reality than the input and the output. On
the other hand, as was shown in (2.2), the state z(0) at time ¢t = 0
and the future input {u(t),¢ > 0} determine the whole future behavior
of the state {z(t),t¢ > 0}. This implies that the state carries all the
information about the past behavior of the system which is necessary to
determine the future system behavior. If we know z(0), we don’t have to
know anything else about the past behavior of the system, for example,
z(—1), to determine z(t), ¢ > 0. In this sense, the state is regarded as an
interface between the past and the future with respect to the information
carried over from the past to the future. From this point of view, we can
say that the state is concerned with the in formation aspect rather than
the physical aspect. Hence, we can choose the state in many different
ways to represent physical aspects of the system, as long as it preserves
the information. For instance, we can describe (2.1a) alternatively by a
different frame of the state

' =Tz, (2.5)

where T is an arbitrary nonsingular matrix. The system (2.1) is then
described by

i = Az + Bu, (2.6a)
y = C'z+ D, (2.6b)

where
A =TAT™', B =TB, C'=CT"', D' =D. 2.7)

The transformation (2.5) introduces a transformation (2.7) between
the coefficient matrices of the state space descriptions. This transforma-
tion is called the similarity transformation, and the system (2.1) and the
system (2.6) are said to be similar to each other. We sometimes write

A B
¢ D

A B
Cc D

T

~y
)

if (2.7) holds.

Using an appropriate similarity transformation, we can represent the
system (2.1) in various ways which might be convenient for some specific
purposes. For instance, A’ in (2.7) can be chosen as the Jordan canonical
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form:
J 0 0 Y| 0
A — 0 Jy 0 = 0 ;, 10 ,
0o 0 --- Ji 0 0 0 N\
or
yas A O
0 A, |’

where A;, 7 = 1, 2, have specific spectrum configurations. One of the cen-
tral themes of linear system theory is the canonical structure of linear
systems, which amounts to finding the invariants of similarity transfor-
mations.

A linear system is described alternatively by the transfer function.
Laplace transformation of both sides of (2.1) with z(0) = 0 yields

sX(s) = AX(s) + BU(s),
Y(s) = CX(s)+ DU(s),
where the Laplace transform of each signal in (2.1) is denoted by the

corresponding capital letter. Eliminating X (s) in the preceding relations
yields

Y (s) = G(s)U(s), (2.8)
G(s):=C(sI — A 'B+D. (2.9)

The matrix G(s) relates Y'(s) with U(s) linearly and is called a transfer
function of the system (2.1). The relation (2.9) is usually represented as

A|B
C

The preceding notation implies that G(s) has a realization (2.1).

The transfer function represents the input/output relation generated
by the system (2.1). The transfer function is an invariant of similarity
transformation (2.7).

G(s) :== . (2.10)

LEMMA 2.1 The transfer function remains invariant with respect to
the similarity transformation.
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Proof. Let G'(s) be the transfer function of the system (2.6), Then,
from (2.7), it follows that

G'(s)=C'(sI - A)'B' + D
= T N(sI — TAT"Y)"'TB + D
=C(sI — A)'B+ D = G(s)

which establishes the assertion.

Now, a natural question arises whether the converse of the preceding
lemma holds, that is, whether the two systems with the identical transfer
function are similar to each other. This question is answered in the next

section.
The invariance of the transfer functions with respect to similarity

transformations is expressed as
A|B
c|D

TAT-'|TB
cT' | D

(2.11)

Before concluding the section, we collect state-space descriptions of
various operations for transfer functions described in Figure 2.1.

Y1

u G](S) % Yit+y2
Gy(s) u y2

Ziae) B3 s

Y2
(a) Parallel Connection (b) Cascade Connection
u Ui 1
Gi(s) 25—
u y -1 u
Gy(s) — G(s) " Gs) —
(c) Feedback Connection (d) Inversion

Figure 2.1 Connections of Transfer Functions.
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Ai Bi
C; | D;

A O B,
G(S) = Gl(S) + GQ(S) = 0 A2 B2
Ci Co|Di+ Dy

We assume

Gi(S) = b= 1,2.

(a) Parallel Connection

(b) Cascade Connection

[ Ay BiC; | BiD; |
G(s):=G1(s)Ga(s)=| 0 A, B,

| G D1Ca | DiD; |
Ay, 0| By ]
= | BiCy Ai| BiD,
| DiC2 C1 | D1D; |

(c) Feedback Connection

G(s) := (I — G1(5)Ga(s))1G1(s)

A+ B1D, VG, B\WC, Bi\wW
- BgVCl A2 + BzVchQ BQVDl
Ve VDG, | VD

where V := (I — D;D;)™' and W := (I — DoD;)7 1.

(d) Inversion

A-BD™'C|BD™!
-p-ic | D!

G(s):=G(s)™' =

(e) Conjugate

G~ (s) = G"(~s) = —A o }

__BT DT

bl

15

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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2.2 Controllability and Observability

The notions of controllability and observability are of central importance
in linear system theory and connect the state-space description (2.1) and
transfer function (2.9). The duality between controllability and observ-
ability appears in various ways throughout linear system theory and
manifests itself as one of the most salient characteristic features of linear
systems.

Consider a linear system described by

afl A1 A12 T Bl
, 2.17
[ $'2 } 0 A2 T9 :l + 0 “ ( a)
T
y = [Cl Cz] [ ] (2.17b)
)

Since Z, = Az, this portion of the state is not affected by control
input u(t). In other words, the input u(t) cannot control z, at all.
Therefore, the system (2.17a) contains an uncontrollable part z, and
such a system is called uncontrollable. A system that does not include an
uncontrollable part is called controllable. More precisely, a system that
cannot be expressed in the form (2.17a) by any similarity transformation
is called controllable.

The preceding definition of controllability is indirect in the sense that
it is defined by its negation. A more direct definition is as follows.

DEFINITION 2.2 A system
& = Az + Bu (2.18)

is said to be controllable, or the pair (A, B) is said to be controllable, if,
for any initial condition z(0) and t; > 0, there exists an input u(t) (0 <
t < t1) which brings the state at the origin, that is, z(t;) = 0.

The well-known characterizations of controllability are as follows.
LEMMA 2.3 The following statements are equivalent.

(i) (A, B) is controllable.

(i) Rank [ \[-A4 B|=n, VA
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(iii) (A, B) is not similar to any pair of the type
Ay Ap
. 2.19

(iv) Rank [B AB --- A" 'B]=n.
(v) If€T(sI — A)™'B = 0 for each s, then £ = 0.

B,
0

bl

(vi) If €TeA*B =0 for 0 < t < t; with arbitrary t, > 0, then £ = 0.
Proof. (i) — (ii).
If (ii) does not hold, then rank [\l — A B] < n for some A. Therefore,
there exists € # 0 such that
¢'IAI-A B]=0o.
From (2.18), it follows that
€75 (t) = AT a(t),

for any input u(t). Thus, £7z(t) = eM¢Tx(0). If z(0) is chosen such that
€Tz(0) # 0, then £Txz(t) # 0 for any t > 0. This implies that z(t) # 0
for any u(t). Hence, (A, B) is not controllable.
(i) — (iii).
Assume that there exists a similarity transformation T" such that
A Ap

Ay

B,

TAT™! =
0

. TB=

Let )\ be an eigenvalue of AL with eigenvector &,. Clearly, we have
T-1 0
0 I

M—-4 —-Ay B
0 AM—-A4, 0

0 TN -4 B]

=0,

=100 65][

which contradicts (ii).
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(iii) — (iv).

Assume that rank [B. AB --- A" !B] < n. Then there exists a
nonzero vector £ such that 7B = §TAB = --- = £TA" 1B = 0. Let k
be the maximum number such that {£, ATE,---, (AT)*~1¢} are linearly
independent and let

gT
TA
T, = : )
é-TAk—-l
Obviously, k < n, and £TA* = €T + ap€TA+ - - - + €T AF-! for some
real numbers oy, aq, -+, ax. Thus, we have
ToA = AT,
0 1 0 0
0 0 1 0
A2 = .
x; Q9 Q3 - O

Let T} be any matrix in R®~¥*" such that

T
T;

T :=

is nonsingular. Since T5B = 0, we can easily see that

Ay A
0 A,

B,
0

TA= T, TB=

bl

for some Aj, Aj2 and B;. This contradicts (iii).

(iv) — (v)
If £T(sI — A)"'B = 0 Vs for some £ # 0, the Laurent expansion of
(sI — A)~! implies

(€Ts '+ €6TAs 24 ... 4 €TARs~ ) L .. )B =0, Vs.
This obviously implies that

eTA*B =0, V&,



2.2. Controllability and Observability 19

which contradicts (iv).

(v) = (vi).
Assume that £Te4'B = 0 for 0 < t < t;. Then, d¥(e**B)/dt* = 0 at
t = 0 implies

eTA*B =0, Vk.

This obviously implies £7(sI — A)~'B = 0 for each s.
(vi) — (i).
Let

t
M(t) = / e AtBRTeATtgy
0

If (vi) holds, M(t;) is nonsingular for any ¢; > 0. Indeed, if M (¢;)¢ =0,
we have

EM)e= [ €T BIPde = .

This implies that £Te 4B = 0 for 0 < t < t;. Hence, £ = 0.
Let .,
u(t) := —BTe ™ ' M(t,)'z(0). (2.20)

This input brings the state of (2.1a) to the origin at ¢t = ¢;. Indeed, we
see that

t
o(ty) = eMig(0) +/ ! eAt1=1) Buy(t)dt
0
t
— eAtl (.’E(O) _ / 1 e_AtBBTe—ATtdt . M(tl)_lx(o))
0
=0,

which establishes the assertion. ]

If (A, B) is controllable, we can bring the state of the system (2.1a) to
any position in the state-space at an arbitrary time starting at the origin.
The term controllability was originated from this fact.

The dual notion of controllability is observability, which is defined as
follows.

DEFINITION 2.4 A system

t=Az, y=Cxz (2.21)
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is said to be observable, or the pair (A, C) is said to be observable, if the
output segment {y(t);0 < t < t1} of arbitrary length uniquely determines
the initial state x(0) of (2.21).

In (2.21), the input u(t) is not included. The preceding definition can
be extended in an obvious way to the case where input is incorporated.
A typical example of an unobservable system is described as

j71 A2 0 I B1
]l R ] e
y = [Clo][il]. (2.22b)

It is clear that the component x5 of the state cannot affect y(¢) and hence
cannot be estimated from the observation of y(t).

The duality between the representations (2.17) and (2.22) is obvious.
Actually, it is remarkable that the observability is characterized in the
way completely dual to the controllability, as is shown in the following
results:

LEMMA 2.5 The following statements are all equivalent:

(i) (A, Q) is controllable;
(ii) rank [’\I _A} =n, V\;
C

(iii) (A, C) is not similar to any pair of the type

A 0
, [C1 0]];
( A A 71O ])
C
CA
(iv) rank . =n;
CAn——l

(v) if C(sI — A)~'n =0 for each s, thenn = 0;
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(vi) if Cefln =0 for 0 < t < t; with arbitrary t; > 0, then n = 0.

The proof can be done in a similar way to that of Lemma 2.3 and is
left to the reader.

If (A;, By) is controllable in (2.17), then z; represents the controllable
portion of the state, whereas z, denotes its uncontrollable portion. In
this sense, the system (2.1a) is decomposed into the controllable portion
and the uncontrollable one in (2.17a). The representation (2.17a) is
schematically represented in Figure 2.2.

In the dual way, the representation (2.22) decomposes the state into
the observable and the unobservable portions, provided that the pair
(Ay, C1) is observable. The schematic representation of the system (2.22)
is given in Figure 2.3.

Figure 2.2 Controllable and Uncontrollable Portions.

Figure 2.3 Observable and Unobservable Portions.

If (A, B) is controllable and (A, C) is observable, then the system
(2.1) is said to be minimal or irreducible. The converse of Lemma 2.1
holds under the assumption that the systems under consideration are
minimal. The following lemma is one of the most fundamental results in
linear system theory.

LEMMA 2.6 If two minimal realizations have an identical transfer
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function, then they are similar to each other. In other words, if

A | B Ay | B
1 I L 2 | 2 (2.23)
C | D, Cy | D,
and both realizations are minimal, then
A, B A, B
A IV It I (2.24)
C: D Cy Do

for some nonsingular T'.

Proof. Let n be the size of A; and A, and define

Mi = [Bl AiBi 1412.81 e A;l_lBi], 1= 1, 2
Ci
CiA;
i = . , =12
Ci AT

Since D, +Cy(sI — A1) 1By = Dy+ Cy(sI — A2) ™! B, for each s, we have
D1 - Dg, ClAlfBl = CQAISBQ, Vk,

by comparing each coefficient of the Laurent expansion of (sI—A;)™!, i =

1,2. In other words,
W1M1 = WQMQ. (225)

Since both realizations in (2.23) are minimal, both M; MT and W{ W,
are invertible. Let

Ty := MyMT(MMT)Y, Ty o= (W W1) "W Wa.

Due to (2.25), ToTy = (WIW,)'WIW,MyMT (M;MF)~! = I. There-
fore, Ty = T7!. Also,

oMy = My, WoTh =Wh,
which implies that

B1 = T2B2, Cl = 02T2_1.
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Since WlAlMl = W2A2M2 = W1T1_1A2T1M1, we have
A =T AT,

which establishes (2.24) with T' = T3.

The description (2.17a) decomposes the state-space into the control-
lable portion and the uncontrollable one, whereas the description (2.22a)
decomposes the state-space into the observable portion and the unob-
servable one. We can integrate these two decompositions to get the
canonical decomposition, based on the controllability matrix M and the
observability matrix W given, respectively, by

M:=[B AB ... A"'B],
C
CA
W .= ,
CA™1

which were used in the proof of Lemma 2.6.
We introduce the following four subspaces in R™:

R, := M KerWM = ImM N KerW, (2.26)
Ry :=ImM N (ImW7 4 KerM7T), (2.27)
R, := KertW N (ImW7” + KerM7T), (2.28)
Ry = WT KerM™ W7 = ImW” N KerM”. (2.29)
We see that
ImM = R, + Ry, (2.30)
KerW = R, + R.. (2.31)

Indeed, since R® = ImW7 + KerMT 4+ KerW N ImM, ImM = ImM N
(ImWT + KerMT + KerW NImM) = ImM N (ImW7T +KerMT) +ImM N
(KerW NImM) = R, + R,. The relation (2.31) can be proven similarly.
We also see that R, + Ry + R, = ImM + KerW and Ry is the orthogonal
complement of ImM + KerWW. Hence,

R"= R, + Ry + R. + Ry. (2.32)
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Obviously, ImM and KerW are A-invariant. Hence,

AR, C Ry, (2.33)

ARy CImM = R, + R, (2.34)

AR. C KertW = R, + R.. (2.35)
Also, we have

ImB C ImM = R, + Ry, (2.36)

KerC D KertW =R, + R, . (2.37)

Let T,, T3, T,, and T; be matrices such that their columns span R,, Ry, R.,
and Ry, respectively. The relations (2.33)~(2.37) imply the following
representations:

Aaa Aab Aac Aad
0 Awp 0 Apg
AT, T, T. T,|=[T. T, T. Tu] 0 0 a.ds |
0 0 0 Ay
B,

B=[T, T, T. Tu| IZ” :

0
ClT. T, T. Tu]=[0 C 0 Cu].

Due to (2.32), T := [ W T, T3 T, ] € R™" is invertible. Therefore,
we have the following fundamental result.

THEOREM 2.7 [47] Every state-space representation is similar to the
following structure

Zg Aaa Aab Aac Aad Zq Ba
d Ty 0 Abb 0 Abd Tp Bb
J— = + (7}
dt T 0 0 Acc Acd T 0

T4 0 0 O Add T4 0

(2.38a)



2.2. Controllability and Observability 25

y =0 C 0 Cj + Du. (2.38b)

Each component of the state has the following meaning,

Zq : controllable but unobservable portion,

xp . controllable and observable portion,

z. : uncontrollable and unobservable portion,
x4 : uncontrollable but observable portion.

The representation (2.38) is often referred to as a canonical decomposi-
tion. Its schematic diagram is shown in Figure 2.4.

Xe [* Xd

\N "4

Figure 2.4 Canonical Decomposition.

In the preceding diagram, the only pass from the input u to the
output ¥ is through z,. This implies that the transfer function G(s)
which represents the input/output relation of the system involves only
the zp-portion, that is, the controllable and observable portion. This is
confirmed by the identity

[ Awe Aws Ase Awal| B
0 Aw 0 Awl| By
0 0 A, Aqul O =
0 0 0 Agul O

0 C, 0 Cy;|D

Ap | Be
Cy | D

=D+ Cb(SI — Abb)_lBlr
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2.3 State Feedback and Output Insertion

If the input w in (2.1a) is determined as an affine function of the
state, that is,
u=Fz+u, (2.39)

then wu is called the state feedback. The additional control input «’ can
be determined for other purposes. Substitution of (2.39) in (2.1a) yields

t=(A+ BF)z + Bu'. (2.40)

Thus, the state feedback (2.39) changes the A-matrix of the system from
A to A+ BF. Figure 2.5 shows a block diagram of the state feedback
(2.39). As was stated in Section 2.1, the state vector contains enough in-
formation about the past to determine the future behavior of the system.
In this sense, the state feedback represents an ideal situation because it
can utilize the full information for feedback.

A
F<

Figure 2.5 Block-Diagram of State Feedback.

The eigenvalues of A (denoted by o(A)) are important factors that
determine the behavior of the system (2.1). They are the singular points
of the transfer function G(s) and are called the poles of G(s). The eigen-
values of A+ BF are the so-called closed-loop poles with respect to a state
feedback (2.39). To choose the configuration of the closed-loop poles is
one of the primal objectives of state feedback.

DEFINITION 2.8 The pair (A, B) is said to be pole-assignable, if,
for any set of complex numbers A = {A1, Aa, -+ -, A\n}, there exists a state
feedback (2.39) such that 6(A + BF) = A.
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The following fact holds which is one of the most fundamental results
in linear system theory.

THEOREM 2.9 The following statements are equivalent.
(i) (A, B) is pole-assignable.

(i) (A, B) is controllable

Proof. (i) — (ii).

If (A, B) is not controllable, rank [ AM—-A B ] < n for some A due to

Lemma 2.3. Hence, ET(A— A) =0, £TB = 0 for some £ # 0. Therefore,
for any F, (M — A — BF) = 0. This implies that ) is an eigenvalue
of A+ BF for each F. Hence, (A, B) is not pole-assignable.

(i1)—(i).
We first prove the assertion for the case with scalar input; that is,
B = b € R™!. In that case, (ii) implies that {b, Ab,---, A" 1b} is
linearly independent. Let {A1, Ag,-- -, An} be an arbitrary set of n dis-
tinct complex numbers which are not the eigenvalues of A. We show
that

fi=(I—A)7", i=1,2---,n (2.41)

is linearly independent. Indeed, we see that
(M =A)71b = (Yn(N) A 44 (N A2 -+ (A D)b/9o(N), (2.42)

where 1;()\),7 = 0,---,n is the sequence of polynomials of degree i de-
fined sequentially as follows:

Yo(A) = det(A — A),
dfi()\) = (wi—l()‘) - 1/)2'—1(0))//\, t=1,---,m, (2-43)
Yn(A) = L

This implies
(£ fo o fa]=[A"1 A% ... b b0V,

"pn()‘l) "pn(AZ) T I/Jn(/\n)

o .- wn—l.()‘l) «/)n_l.(Ag) 1/),1_1‘()\") |

(A1) i(A2) e (M)
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Vboh) 0 o0
g | O Va0
00 ()

Actually, the matrix © is calculated to be

1 ..o 0 A by A
o= | M T U A R
/Bn—l /Bn—2 e 1 )‘?_1 ’\721_1 o )‘2_1

where 9p(A\) = det(A\] — A) = A" + SyA"" ! + .- + B,. Thus, © is non-
singular for distinct A;. Therefore, we conclude that f; is independent.
Let ' be a 1 X n matrix such that

or, equivalently,

F=[1 1 --- 1][f1 fo oo fn]_l.

Due to (2.41),
M —A—-bF)fi=b—0b=0.

This implies that )\; is an eigenvalue of A+ bF'. Since ); is arbitrary, the
assertion has been proven for the scalar input case.

The multi-input case can be reduced to the scalar-input case by uti-
lizing the fact that if (A4, B) is controllable, we can find F' and g such
that (A + BF, Bg) is controllable. 1

In the case where the system is not controllable, it is desirable that
the uncontrollable mode is stable, that is, the matrix A, in (2.17a) is
stable. In that case, the system is made stable by application of suitable
state feedback.

DEFINITION 2.10 The pair (A, B) is said to be stabilizable, if there
ezists a matrix F' such that A+ BF is stable.
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Obviously, a controllable pair is stabilizable, but the converse is not
true.
The dual of the state feedback (2.39) is the output insertion which is
represented as
t=Az+ Bu+ Ly+¢&, (2.45)

where £ is an auxiliary signal to be used for other purposes. A well-
known identity state observer corresponds to the case where ¢’ = LCz.
The “closed-loop” poles are given by the eigenvalues of A+ LC. Figure
2.6 shows a block diagram of output insertion (2.45). The dualization
of Theorem 2.9 shows that the eigenvalues of A + LC can be chosen
arbitrarily by choosing L, if and only if (A, C) is observable.

E’

L (=

Figure 2.6 Block-Diagram of Output Insertion.

Through the output insertion, we can define the dual of stabilizable
pair.

DEFINITION 2.11 The pair (A,C) is said to be detectable if there
exists a matriz L such that A+LC 1is stable.

Obviously, an observable pair is detectable, but the converse is not
true.

The values of s at which G(s) loses its normal rank are called the
transmission zeros or the zeros of the system (2.1). If the realization
(2.1) is minimal, z is a transmission zero of G(s) iff

rank{A—zl B

c D < n + min(m,r). (2.46)
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The transmission zeros are important factors for control system design.
Sometimes, they are more important than the poles. For instance, the
existence of right-half plane zeros severely limits the achievable closed-
loop performance. It is important to notice that the transmission zeros
are invariant with respect to the state feedback and the input transfor-
mation

w= Fz +Ud/, U :invertible. (2.47)

Indeed, application of (2.47) to (2.1) yields
t = (A+ BF)z+ BUY, (2.48a)
y = (C+ DF)z+ DUV (2.48b)

It follows that

A+ BF — )\ BU
ank
C+ DF DU
A- )X B I 0
= rank
C D F U
A- ) B
= rank ,
C D

which shows the invariance of zeros.
Also, the transmission zeros are invariant under the output insertion
and output transformation

= Az + Bu+ Ly

y = Vy, V : invertible,
which gives rise to the state-space representation
z = (A+ LC)z+ (B+ LD)u, (2.49a)
y = V(Cz+ Du). (2.49Db)
It follows that
A+LC—-X B+LD
ank
vC VD
I L A-)X B
= rank
1% C D
A—- M B
= rank

)

C D
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which shows the invariance of zeros.
We summarize the preceding reasoning as follows,

LEMMA 2.12 The transmission zeros of the transfer function are in-
variant with respect to state feedback, input transformation, output in-
sertion, and output transformation.

2.4 Stability of Linear Systems

Consider an autonomous linear system obtained by putting u = 0 in
(2.1a),
T = Az. (2.50)

This system is said to be asymptotically stable if the solution z(t) con-

verges to the origin as ¢ — oo for each initial state x(0). Since the

solution of (2.50) is given by z(t) = e4'x(0), the system (2.50) is asymp-

totically stable iff
lle]| = 0, as t— oo. (2.51)

If (2.51) holds, A is said to be stable or Hurwitz. It is easily shown that
A is stable iff each eigenvalue of A has a negative real part, that is,

Re [\i(A)] <0, i=1,---,n. (2.52)

A simple method of checking the stability of A is known as the Lyapunov
theorem which reduces the stability problem to solving a linear algebraic
equation with respect to P given by

PA+ AP =-Q. (2.53)
The preceding equation is called a Lyapunov equation.
LEMMA 2.13 The following statements are equivalent.
(i) A is stable.
(ii) There exists a positive number o and M such that

lle®|| < Me~et (2.54)

(iii) For each matriz Q > 0, the Lyapunov equation (2.53) has a solution
P> 0.
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Proof. (i) — (ii).

Since A is stable, there exists o > 0 such that —o > Re[\;(A4)] for
i =1,2,---,n. In other words, o + A is stable. Since ||e("/+4?|| — 0,
|lelT+4%|| is bounded for each t. Therefore, the inequality

e+ < M (2.55)

holds for some M > 0, which implies (2.54).

(i) — (iii).
Due to (2.54), we can define

P::/ eATthAtdt.
0

Since @ > 0, P > 0. It is easy to see that P is a solution to Equation
(2.53). Indeed,

PA+ ATP = / = AT QA Adt + / = ATeATI Qe gt
0 0

[ d ATy An 1 ATt Atfoo
= [ 2t QeM)dt = (4T Qe s

=-Q
(iii) — (i).

Let A be an eigenvalue of A and £ the corresponding eigenvector, that
is, A¢ = A¢. The premultiplication by £* and the postmultiplication by
€ of (2.53) yield

(A +XN)EPE = —€°QE.
Since both P and @ are positive definite from the assumption, we con-

clude that A + X < 0. Hence, Re[\] < 0, which establishes the assertion.
|

We sometimes use a positive semidefinite @ in (2.53), instead of a
positive definite one. A typical example is the case Q = CTC.

LEMMA 2.14 Assume that (A, C) is observable. The Lyapunov equa-
tion

PA+ ATP =-C"C (2.56)

has a positive definite solution iff A is stable.
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Proof. If A is stable, the solution to (2.56) is given by
P= /Ooo eATtCT Cettdt > 0.
If Px = 0 for some z, we see that
/Ooo |Cetz||?dt = 0.

Hence, Ce4'z = 0,Vt. Due to Lemma 2.5(vi), z = 0. Hence, P > 0.
Conversely, assume that the solution P of (2.56) is positive definite.
Let A be an eigenvalue of A with corresponding eigenvector £, that is,
A€ = X§. As in the proof of Lemma 2.13, we have

(A+X)z*Pz = —||Cx|>.

Since (A, C) is observable, Cx # 0. Hence, A + A < 0, which verifies the
assertion. 1

We can state the converse of the preceding lemma.

LEMMA 2.15 If the Lyapunov equation (2.56) has a positive definite
solution for a stable A, then (A, C) is observable.

Proof. Assume that (4, C) is not observable. Then there exist A and z
such that Az = Az, Cz = 0. From (2.56), it follows that Z” Pz-(A+)) =
0. If A is stable, A+ X < 0. Since P > 0, we conclude that z = 0. ]

A stronger version of Lemma 2.14 is given as follows.

LEMMA 2.16 Assume that (A, C) is detectable. The Lyapunov equa-
tion (2.56) has a positive semi-definite solution iff A is stable.

The proof is similar to that of Lemma 2.14 and is omitted here.

The solution P of (2.56) is called the observability Gramian of the sys-
tem (2.1). Its dual is the controllability Gramian defined as the solution
of

PAT + AP = —BBT. (2.57)

Assuming that A is stable, the controllability Gramian is positive defi-
nite, iff (A4, B) is controllable.
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Problems

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

Assume that the eigenvalues of A are all distinct. Prove that
if (A, B) is controllable, there exists a vector g € R" such that
(A, Bg) is controllable.

Show that if (A, B) is controllable, then there exist a matrix F' and
a vector g such that (A+BF, By) is controllable.

In the proof of Lemma 2.6, the sizes of A; and A, are assumed to
be the same from the outset. Justify this assumption.

Show that the sequence 1;(A\) defined in (2.43) satisfies the identity
$o(A) = Yn(0)A™ + 1 (0)X™ ! + -+ + 440(0).

Using the identity 1o(A) = 0 (Caley-Hamilton theorem), prove the

identity (2.42).

Show that the following two statements are identical.

(i) (A, B) is stabilizable.
(ii) rank [ \[=A B |=n, VRe\>0.
Write down a state-space model of the electrical circuit in Figure

2.7 taking the terminal current as the input and the voltage as the
output. Show that the state space form is uncontrollable if

L
R1R2 = 5

In this case, derive the canonical decomposition of the state-space
form. Compute the transfer function Z(s) of the state-space form
and show that Z(s) = R; in the case

L
R1=R2=\/g.

Give a dynamical interpretation of this condition.

In the proof of (2.30), the following facts were used. Show them.



Problems

(i) For any matrix U with n rows,
R" = ImU + KerU”.
(ii) For any subspaces R;, Ry, and Rs with R; D R3,

RiN(Ry+ Rs) = RiN Ry + Rs.

Figure 2.7 A one-terminal electrical circuit.
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Chapter 3

Norms and Factorizations

3.1 Norms of Signals and Systems

In the recent development of control theory, various kinds of norms of
signals and systems play important roles. The norm of signals is a non-
negative number assigned to each signal which quantifies the “length” of
the signal. Some of the norms of signals can induce a norm of systems
through the input/output relation generated by the system. The notion
of induced norm is the key idea of the contemporary design theory of
control systems.

Let f(t) be a signal represented as a time function. The norm of f(t),
which is denoted by || f]|, must satisfy the following axioms.

(1) fIF=0, Iflf=0iff f=0. (3.1a)
(2)  |lef]l = |al||f]] for each scalar a. (3.1b)
3) e+ Lol < [If2ll+ [If]l- (3.1c)
For scalar signal f(t), the following norms are frequently used.
= [T 1r)at 2
Il = [ 1f@lat (3:2)
o 1/2
Ifle = ([ 1r0Rat) (33)
[ flleo = sup [£(2)]- (3.4)
>0
Actually, the preceding three norms are represented as special cases of
1l = ([ £ @Fan, p>1. (35)
37
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If f(t) is a vector-valued signal, that is, f(t) € R", or f(t) € C", we can
replace | f(t)| in (3.2)~(3.4) by a suitable norm || f(¢)|| in R™ or in C™ to
define the norm of f(t). We write

£ = [ 17 @, (36)
£l = ([ IF@)Iae)2, (37)
|1l = sup (O (38)
17l = ([ 1 @lPan . (39)

The norm ||f(¢)|| in R™ or C" can be the Euclidean distance
IF O = (AOF +1L0F + -+ [F0F) 2, (3.10)
or the maximum element

If @I = maz(|f1(D)], [f2(8)] - - [f(B)]); (3.11)

or anything that satisfies the axioms (3.1) of the norm.
The set of signals that have finite p-norm is denoted by L,, that is,

L, = {£(t) : I/l < oo}. (3.12)
In order to explicitly express that the signal is defined for ¢ > 0, we write
Ly = {f(t); f(t)=0 (t<0),[fll, <oo}. (3.13)
Also, we may write the complement of L} as
L, = {f(t); f(t)=0 (t=0),]fll, < oo} (3.14)
Each signal f(t) in Ly, 1 < p < 0o, must satisfy
IF @I =0, ¢ — oo, (3.15)

because || f(t)||” must be finitely integrable. Therefore, signals of infinite
duration such as a unit step or periodic signals such as sinusoidal func-
tions cannot be in L,. This fact sometimes introduces inconvenience. To
circumvent this inconvenience, a new measure of signal, called power, is
introduced as follows [23]:

power(f) = Jim (7. [ 17 (®IF )" (310
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It is easy to see that power(f) satisfies (3.1b) and (3.1c), but fails to
satisfy (3.1a). Therefore, it is not the norm. However, power(f) which
expresses the “averaged 2-norm” represents some essential features of
signals and is frequently used in many areas of engineering. It is clear
that the unit step function has unity power.

Among various norms, the 2-norm (3.7) is of special importance,
because it is derived from the inner product in the sense that

1£llz= (< £, f >)'2,
where < f, g > denotes the inner product
<fig>= [ F®ga (3.17)

In this sense, Lj is an inner-product space. The space L, has another
important property. Let f(s) be the Laplace transform of f(t) € LJ,
that is,

fs)= [~ F®edt. (3.18)
Then, it is well known that the identity
1 oo ) oo
| IfGe)ide = [ 1)t (3.19)

holds, which is usually referred to as the Parseval’s identity. This implies
that f € L] always implies f(jw) € Lo, and the norm is preserved to
within the factor of (2m)~!.

Let s = 0 + jw and o > 0. Then, from (3.18), it follows that

1£(s)] < /0 Z1F(8)]e~tdt < oo.

This implies that f(s) is analytic in the right-half plane. The set of all
complex functions f(s) which is analytic in the open RHP (Res > 0)
with f(jw) € Ly, is denoted by H,, that is,

H, := {f(s); analytic in RHP, f(jw) € L,}. (3.20)
Particularly,

H,, =: {f(s);analytic in RHP, sup|f(jw)| < oco}. (3.21)

In the rational case, analyticity in the RHP implies the stability.
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Consider a linear system whose transfer function is given by G(s).
The input/output relation of this system is given by

y(t) = /0 ¥ gt — mYulr)dr, (3.22)

where g(t) is the impulse response of the system computed as the inverse
Laplace transform of G(s), that is,

g9(t) = L7G(s)].

Assume that u(t) € L, implies y(t) € Ly, that is, the system maps L,
into itself. Then the induced norm of the system is defined as

||y”p
G|lin = su 3.23
G S Tl (3.23)

It is easy to see that |G||;, defined above satisfies the axioms of the norm
(3.1). Also, it satisfies the submultiplicative property

1G1Gallin < [|G1linl|G2llin- (3.24)

In the case p = 2, we can characterize the norm of the system in terms
of the transfer function G(s) by using the Laplace transform, that is,

» 1Gul

wely Tl

1Gllin =

where u denotes the Laplace transform of the input u(¢). In the SISO
case with scalar G(s), it is well-known that the previously induced norm
is identical to the Lo, norm of G(s), that is,

1Glloo = sup]G(Jw)l = sup 21Uz 1Gull2

3.25
S Tall; (3.25)

In the MIMO case with matrix G(s), the preceding identity becomes
|Gl = sup (G, (3.26)

where (-) denotes the maximum singular value. For p = co. in (3.23),
the induced norm is given by

1Glln = lglls = [ lote)ldt

[¥lleo
= sup . (3.27)
ueLoo ||l
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The above relation is the basis for L; control theory which has made a
remarkable progress recently.

Example 3.1

Consider a transfer function
1

G(S)=s+a’ a>0.

Then the infinity norm ||G||« is calculated to be
11
Vwi+a? o

IGlloo = sup
w

Ezample 3.2
Consider a transfer function
i) = P s
S+«
Then
w? + (2 a? — 3?2 12
18]
= 1, —}.
max{1, > }

Now we exploit the meaning of the infinity norm |G| of the trans-
fer function G(s) from the input/output point of view illustrated in Fig-
ure 3.1.

A\ 4

Gs) ——

Figure 3.1 Transfer Function G(s).

In terms of Figure 3.1, ||G||le < 7 implies

(i) the vector locus of G(s) lies within the circle with the origin as its
center and the radius 7, as shown in Figure 3.2, provided that G(s)
is scalar.
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(ii) |lyll2 < 7||ul|2 for each u € Ly,

(iii) E[y(t)?] < v?Eu(t)? for each random input with finite variance,
where E denotes the expectation,

(iv) power(y) < 7y power(u),

-l

\
\

f‘—
rd
4
/7 \\
ll \
A
VY Re
\
~
~
\ﬁ_

Figure 3.2 Illustration of ||G||e < 7.

If G(s) is stable and satisfies
[Glleo < 1, (3.28)

it is said to be bounded. The set of all bounded transfer functions is
denoted by BH™, that is,

BH* = {G(s); G € He, ||G|loc < 1}. (3.29)
It is clear that G € BH®, iff G(s) is stable and satisfies
I -G~(jw)G(jw) >0, Vw. (3.30)

A state-space characterization of bounded functions is given in Section
3.3.
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3.2 Hamiltonians and Riccati Equations

A matrix quadratic equation given by

XA+ATX+ XWX -Q=0 (3.31)
W= WT c Rnxn, Q — QT € Rnxn
is called the algebraic Riccati equation (ARE), which plays a fundamen-

tal role in linear system theory. Equation (3.31) is associated with a
Hamiltonian matrix defined by

H:= [ g _VZT ] : (3.32)
Simple manipulation verifies the identity
YH+H'Y =0, (3.33)
where ¥ is given by
> = ? _oI ] : (3.34)

It is easy to see that H is of the form (3.32) iff (3.33) holds. Therefore,
the identity (3.33) is a defining property of the Hamiltonian matrix.
The Hamiltonian given by (3.32) is closely related to the calculus of
variations. We can define the Hamiltonian as a matrix H such that HX
is symmetric, that is,

(HL)T = HX. (3.35)
Since ARFE is a quadratic equation, it has many solutions in C"*".
Among them, the solution X of (3.31) such that X is real and A+ WX
is stable is of particular importance. Such a solution is unique. Indeed,
let X; and X, be solutions of (3.31) such that A+ WX; and A+ WX,
are stable. Since

XiA+ATXi+XiWXi_Q=O, 7= 1’2,
we have
(X1 — X)(A+WXy) + (A+ WX)T (X, — X3) = 0.

Since A+W X; and A+W X, are both stable, we conclude that X; —X, =
0.
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DEFINITION 3.1 A unique solution X of the ARE (3.31) that stabi-
lizes A+ W X s said to be a stabilizing solution of (3.31), and is denoted

by
X = Ric(H).

Simple manipulations using (3.31) yield

RN

This identity implies that
oH)=0(A+WX)Uo(—(A+WX)).

A+WX w

0  —(A+WX)T | (3:36)

If X is a stabilizing solution, o(A+W X) is contained in C_ and o(—(A+
W X)) isin C4. Hence, H does not have eigenvalues on Cy. Therefore,
Ric(H) exists only if H has no eigenvalues on the jw-axis. The converse
of the above statement holds under an additional condition on W.

THEOREM 3.2 Assume that (A, W) is stabilizable and W > 0. Then
Ric(H) exists iff H has no eigenvalues on the imaginary azis.

Proof. Necessity has already been proven.

To prove the sufficiency, assume that H has no eigenvalues on the
jw-axis. If A is an eigenvalue of H with x the corresponding eigenvector,
we have (A] + HT)Xz = 0 due to (3.33). Hence, —A is an eigenvalue
of H. Thus, the eigenvalues of H are distributed symmetrically with
respect to the origin in C. Therefore, there exist n eigenvalues of H in
the open left-half plane. Denoting the eigenspaces of H corresponding
to these stable eigenvalues by [ MT NT |7, we have the relation

M M
H =
N N
where FE is a stable matrix in R™*". This relation is explicitly represented
as

E,

AM +WN = ME, (3.37)
QM — ATN = NE. (3.38)

From (3.38), it follows that
NTAM + NTWN = NTME. (3.39)
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Since NTA = MTQ — ETNT, we have
E"NTM + NTME = MTQM + NTWN. (3.40)

Since the right-hand side of the identity (3.40) is symmetric, so is its
left-hand side. Hence, we have

ET(NTM — MTN)" + (N"M — MTN)E = 0.

Since E is stable from the assumption, we conclude that NTM — MTN =
0. Hence, MT N is symmetric.

Now we show that M is invertible. Assume that M = 0 for some &.
From (3.37) and (3.40), it follows that

ECNTWNE = ETNTME¢ = ECMTNEE = 0.

Since W > 0, we have WN¢ = 0. Therefore, the relation (3.37) yields
MEE¢ = 0. This implies that KerM is E-invariant, in other words, there
exists an eigenvalue A of E such that E& = \¢'; ME& = 0. The relation
(3.38) implies that

(AT + AT)N¢ =0, WNE = 0.

Since E is stable, ReA < 0. From the assumption that (A, W) is stabi-
lizable, we conclude that N¢' = 0. Since M¢' = 0, this contradicts that
[MT NT]T is column full rank. Therefore, M is invertible.

We finally show that X := NM~! = Ric(H). Due to (3.37) and (3.38),

NM™Y(AM + WN) = NE = QM — ATN.
Postmultiplication of the preceding relation by M ~! easily verifies that
X = NM~! satisfies (3.31). Also, from (3.37), it follows that A+ WX =

MEM™!. Since E is stable, so is A+ WX. Finally, since MTN is
symmetric, X = NM~! = M-TNT = XT. 1

From (3.36), X = Ric(H) satisfies

i)

(A+WX), A+ WX :stable. (3.41)
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In general, the similarity transformation T-*HT of a Hamiltonian H is
no longer a Hamiltonian. However, a special class of transformations pre-
serves the Hamiltonian properties. An example of such transformations
is given by

T=
L I

In that case, the following result holds:

LEMMA 3.3 Let Hy be a Hamiltonian matriz with Xo = Ric(Hy).
Then H = THoT™! is also a Hamiltonian for any T of the form (3.42)
and X = Ric(H) exists which is given by X = X, + L.

Proof. Let ¥ be given in (3.34). From (3.42), it follows that TST7 = .
Since Hj is a Hamiltonian, we have
HY +XHT = -T(HTT'STT+T'sT-THDTT
= —T(HL+XHDHTT = 0.

I
0 } , L=1I". (3.42)

This implies that H is also a Hamiltonian.
Let Xo = Ric(Hp). Then it is clear that

“[ 5]

for a stable matrix A. We have

HT ! =T . ] A,
Xo Xo
or, equivalently,
I N
Xo+L | | Xo+L
This implies that X, + L = Ric(H). 1

The following result is easily shown.

LEMMA 3.4 If X = Ric(H), then for any nonsingular T,

) . (3.43)

T 0
TT

T 0

T"XT = Ric
0o 77
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Proof. Let X; := TTXT. Then from (3.31), it follows that
X, T AT + TTATT-TX, + X,T"'"WT-TX, — TTQT = 0.

Since A+W X is stable, sois T AT +T'WT-TX, =T (A+WX)T.
Hence,

) TAT TWT-T
X1 = Ric ( TTQT _TTATT-T )
, T-1 0 T 0
= Ric ( T 0 T-T ) .

The rank defect of the solution X of (3.31) reflects the structural
properties of H. The next result is crucial in what follows.

LEMMA 3.5 Assume that X = Ric(H) is not invertible and Q > 0.
Then any nonsingular matrix T that satisfies

X 0
0 0

TTXT =

} ,  X; nonsingular (3.44)

transforms each matriz in H as follows,

— All 0
T1AT = ,  Agg: stable, 3.45
A21 A22 22 SHADTE ( )
Q 0
TTQT = . 3.46
Q 0 0 (3.46)
Also, X = Ric(H), where

3 — All Wll (3 47)

Q -Af |’
T-'Wr T = Wl; Wi | (3.48)

Wiz Wa
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Proof. Let T be any nonsingular matrix that converts X in the form
(3.44). Due to Lemma 3.4,

X o0 T 0 T 0
= Ri . 3.49
0 0 20( 0o 177 0o 77T ) ( )
Let
T-IAT Ay Apg ’ TTQT:——- 2 Q12 ,
o1 Az 12 Q@2
T_1WT_T — Wll W12

The size of the partitions is chosen consistently with that of (3.44). The
relation (3.49) implies that

_ T
X 0 A A A A X 0
0 0 Ag Ago Ao Age 0 0
X 0 Wi Wi X 0 Q Qe
+ T - T =0
O 0 le WQQ 0 0 Q12 Q22
(3.50)
and
A A n Wi Wi X 0
Ay Ay Wf; Wag 0 0
- A“+W1T1):( Arz (3.51)
A21+W12X A22

is stable. It follows, from (3.50), that Q2 = 0. Since T7QT > 0 from the
assumption, Q1o = 0, which implies (3.46). Also, X Aj; = Q1 = 0 from
(3.50). Since X is nonsingular, A;5 = 0. Therefore, the stability of the
matrix in (3.51) implies that both A;; + W1, X and A, are stable. This
implies (3.45). Finally, (3.50) implies X A;; + AT, X + XWX —Q = 0.

This implies X = Ric(H). ]

The case where @ = 0 in (3.31) is of particular interest.
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LEMMA 3.6 The Riccati equation
XA+ ATX+ XWX =0 (3.52)
has a stabilizing solution

A W

, 3.53
0 _AT (3.53)

X = Ric(H), H= [

only if A has no eigenvalue on the imaginary axis. The rank of X 1is
equal to the number of unstable eigenvalues of A and the eigenspace of
A corresponding to the stable eigenvalues is equal to KerX.

Proof. Assume that A has an eigenvalue jw, that is,

AL = jw€, £#0.

Then, due to (3.52), (jwl + AT+ XW)XE¢ = 0. Since A+ WX is stable,
we conclude that X¢ = 0. This implies that (A + WX)¢ = jw€. This
contradicts the assumption that A + WX is stable.

Assume that X = Ric(H). If A& = X\ with Re A > 0, then, from
(3.52), it follows that

(M + AT + XW)X¢ = 0.
Since AT + XW is stable, we conclude that X¢ = 0, that is, £ € KerX.
|
Now we show an important result on the monotonicity of Riccati
equations that plays a crucial role in what follows.

LEMMA 3.7 Let X; > 0 and Xo > 0 be stabilizing solutions X, =
Ric(Hy) and X, = Ric(H,), with

A W ‘
H, = L i=12, (3.54)
Qi —A
with Qs = 0. If
(Hi — H)X >0, (3.55)

where ¥ is given by (3.34), then
X, > Xs. (3.56)
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Proof. We first prove the lemma under the assumption that X; is
nonsingular. Since X; = Ric(H,), it satisfies

e —I}Hl[; ]:o

or, equivalently,

I —X{'H, [X}_l ] = 0.

Therefore, from (3.55) and Q3 = 0, it follows that

X—l
XA + A X+ Wy = (I —X;I]HQ{ } }

=—[I - X{'|(H: - Ha) { X}— }

= I~ X{'|(Hy ~ Hy)S [ o } <o.

Therefore, since XAz + AT Xy + XoWo X, = 0, we have

(XQXl_l - I)A,QTXQ + XQAQ(XI—IXQ — I)
= Xo(XT1AT 4+ Ay X1+ Wa) X, <0. (3.58)

Since X5 = Ric(H,) exists, Lemma 3.6 implies that A, has no eigenvalues
on the imaginary axis. Hence, there exists a transformation 7" such that

A O

T7YA,T =
0 A,

} , As_, —A,, stable. (3.59)

Due to Lemma 3.6, we have
X; 0

TTX,T =
0

] , X,;nonsingular. (3.60)
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Write

(3.61)

T X' T = {X“ X1z } .

XL, Xo
Substituting (3.59), (3.60), and (3.61) in (3.58) yields

(XoX11 — DAy Xy + XoAT, (X1 X — 1) <0,
or, equivalently,

(X — X5 1) Azy + A7, (X — X51) <0,

Since — A, is stable, we conclude that X < X! or, equivalently,

X' > X, (3.62)
Write
Xy X1
TTXlT — (T—le—lT—T)—l _ A;l A12
Xia X2
Xu X12]
= >0
Xip Xoo

Obviously, Xﬁl = X11 — X12X5' X}, Now, from (3.60), it follows that

TT(X, — Xo)T = (3.63)

Xll - X2 X12 :I
X1T2 X22

Since X; > 0, we have X5, > 0. The Schur complement of (3.63) is given
by X11 — Xo — X12X55' X% = X' — X5 > 0 due to (3.62). Thus, the
lemma has been proven for the case of nonsingular X;.

Now we show that the general case can be reduced to the non-singular
case. Let T be a nonsingular matrix that transforms X; to the form

X1 0
0

TTX\T =

} ,  X1;nonsingular.
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Due to Lemma, 3.5,

Wll Wll All 0

T-' 0 T 0 WL Way Ay A
o 77| Tlo T —AT, AT Q 0 |
0 —AL, 0 0
Ago; stable, (3.64)
where
T'wiT T = WlTl W | pagr= | 0
W12 W22 A21 A22
Since
-T
5 T 0| _|T 0 5,
0 T 0o 77
we have, from (3.55),
T-1 0 T 0
H, - H
o v |H—H) T-T
T 0 T-T 0
= H, — Hy))X > 0. 3.65
o gr |UHTHE T] = (3.65)
Since @2 = 0, the inequality (3.65) and the identity (3.64) imply that
rar=|* 0|
* A22

Since A, is stable, the stable eigenspace of T-'A,T contains [0 I]T.
Therefore, due to Lemma 3.6, T7 X, T is of the form

X, 0
0 0|

The lemma is proven if X, > X, is shown where

TTX,T =

Xi = RiC(Hi),
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’

AW
H = _ _
[6& —Af

, Qi=[1 0]TTQT

1
, =12
0

Obviously, from (3.65), it follows that

Ai = [ I 0 ]T_lAiT

Wi=[1 o]T7'W, T 7

> 0.

[V_Vl A,
—Af -

W A,
_AT o

Since X, is nonsingular, the proof of the first assertion has been com-
pleted. The second assertion is self-evident from the preceding proof.
1

Example 3.3
In order to illustrate the meaning of Lemma 3.7, consider the scalar case
where

a; W;
Hi=|: :l) 7;=]-72) q2=0

g —a

The associated Riccati equations are the quadratic equations given by
fi(z) = wiz® + 20,z — ¢; = 0.

The condition (3.55) is represented in this case as

>0

?

[ W) — W —a;+a

—a; + ap —q
which is given by

w1 > Wa

(w1 — wg)ql + (a1 - a2)2 S 0.
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These inequalities are equivalent to the condition that the quadratic
equation

fiz) = fa(z)
does not have a real solution. Figure 3.3 illustrates the situation when
we > 0.

- X

Figure 3.3 Illustration of Lemma 3.6.

3.3 Factorizations

In linear system theory, we encounter various kinds of factorizations such
as the Wiener-Hopf factorization of positive matrices, the inner/outer
factorization, the coprime factorization, and so on. Among them, the
most important one is the Wiener-Hopf factorization of positive matri-
ces, in which Riccati equations discussed in the preceding section play
fundamental roles.

Let I'(s) be a rational Hermite matrix on the jw-axis, that is,

[(s) =T7(s). (3.66)

Assume also that I'(s) has no poles on the imaginary axis. Taking the
partial fraction expansion of I'(s) that breaks it into the stable part ®(s)
and the anti-stable part ®~(s), that is,

I(s) = ®(s) + &~ (s), (3.67)
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assume that ®(s) has a minimal state-space realization

A B

AR A : stable. (3.68)

O(s) = [

Then (3.67) implies that I'(s) has a realization

A o |B
T(s)=| 0 —AT|CT |. (3.69)
¢ -BT| R

If R is invertible, I'(s) has a rational inverse I'(s)~! which has a realiza-
tion

A—-BR™C BR'BT —-B
F(S)-l — _CTR—IC _AT + CTR—IBT CT R_l. (3‘70)
RIC R'BT | I

Let us denote by H the A-matrix of the realization (3.70), that is,
A—- BR™C BR BT

H:= (3.71)
—CTRIC —AT +CTR™'BT

It is easily seen that H is a Hamiltonian in the sense that it satisfies
(3.33). The following theorem is one of the most important results in
linear system theory.

THEOREM 3.8 A rational matriz T'(s) given by (3.69) is positive, that

s,
I'(jw) >0, Vw, (3.72)

iff R = RT > 0 and the Riccati equation associated with H in (8.71) has
a stabilizing solution X = Ric(H). In that case, I'(s) is represented as

[(s) = M~ (s)RM(s), (3.73)

where
M(s) = —AF l; , (3.74)
F=-R!'C-B"X), (3.75)

1s unimodular.
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Proof. If (3.72) holds, I'(s) has no zeros on the imaginary axis. Hence,
['(s)~! has no poles on the jw-axis, which implies that H has no eigen-
values on the jw-axis. Therefore, since I'(co) = R > 0, Theorem 3.2
implies the existence of X = Ric(H).

Conversely, assume that X = Ric(H) exists for H given by (3.71).
We show that M (s) given by (3.74) satisfies (3.73). Due to (3.31), X =
Ric(H) satisfies the Riccati equation

X(A-BR'C)+(A-BR'C)"X + XBR'BT™X +CTR™'C =0,
(3.76)
which is rewritten as

XA+ ATX + FTRF =0, (3.77)

where F' is given by (3.75). Since X is a stabilizing solution of (3.76),
A+ BF is stable. Direct manipulations yield

_AT _FTRF|FTR
M~ (s)RM(s) = 0 A B
BT —-RF | R

Taking a similarity transformation of the above state-space form with
the transformation matrix
1= X I
b I O b

0 I
I -X
and using (3.77) and BT X — RF = C, we can easily verify (3.73). Since
R > 0, we have (3.72).
Finally, from

T =

A+BF | B

M(s)™' = 7 i

)

it follows that M(s) is unimodular.

As an application of the preceding theorem, we can derive the so-
called Bounded Real Lemma. Assume that a stable transfer function

G(s) has a state-space realization
A|lB
C|D

G(s) = . (3.78)
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The concatenation rule (2.13) yields

A 0| B
G~(s)G(s) = | —CTC —AT|-CTD (3.79)
pTc BT | D™D

Let W be the observability gramian of (3.78), that is,
WA+ ATW +CTC =0. (3.80)

The similarity transformation of (3.79) with

ro | Lo gl fro
-W I W I
yields
A 0 B
G~ (s)G(s) = 0 —AT | -(WB+CTD) |. (381)
BTW+DTC B | D™D
The identity (3.81) can be written as
G~(5)G(s) = ®(s) + ®~(s) + D'D (3.82)
A |B

O(s) : =

)

B™W +D*C | 0

which represents the partial fraction decomposition of G™~(s)G(s) into
the stable part ®(s) and the anti-stable part ®~(s).
Now we are ready to state the Bounded Real Lemma.

THEOREM 3.9 (Bounded Real Lemma) Assume that a stable
transfer function G(s) has a state-space form (3.78). Then the following
statements are equivalent.

(i) |Glle <1. (G € BH®).

(ii) R:=1—DTD >0 and X = Ric(H) exist, where
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A+ BR'DTC BR'BT
H .= ;
-CT(I - DDT)"'C —(A+ BR'DTC)T

that is, there exists a solution X > 0 to the Riccati equation

(3.83)

XA+ ATX +(XB+CTD)RY(BTX + DTC)+C"C =0

which stabilizes R
A:= A+ BR(BTX + DT0).

Proof. The assertion (i) is equivalent to
['(s):=1-G~(s)G(s) >0, Vs=jw.

Due to the expression (3.81), I'(s) has a state-space form

A 0 -B
[(s) = 0 —-AT \WB+C™D |. (3.84)
B™W +D'C B | R

Clearlyy, R = I — DTD = T'(00) > 0. The state-space form (3.84)
corresponds to (3.69) with the B and C being replaced by —B and
DTC + BTW, respectively. Hence, Theorem 3.8 implies the existence of
XO = RZC(H()) with

H() =

A+ BRY(DTC+BTW) BR™BT
—(CTD+WB)R-Y(DTC+BTW) —AT— (CTD+WB)R"'BT

Some manipulation using (3.80) verifies the identity

I I

W I W I
Therefore, taking L = W in Lemma 3.3 verifies that X := Xo+ W =
Ric(H). 1

Remark: The Hamiltonian H given by (3.83) is written as

A 0
-CTCc —-AT

-B

H=
CTD

R™[DTC BT].
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Using (3.79), we can see that H is identical to the A-matrix of (I —
G~(s)G(s))™*. If R > 0, X = Ric(H) exists, iff H has no eigenvalues on
the jw-axis due to Theorem 3.2. Therefore, assertion (ii) of Theorem 3.9
is equivalent to R > 0 and H has no eigenvalues on the jw-axis. Thus,
we have the following restatement of Theorem 3.9.

COROLLARY 3.10 The following statements are equivalent.
(i) IGlle <1 (G € BH®™).
(ii) G is stable, I — G~(00)G(00) > 0, and (I — G~(s)G(s))~! has no

poles on the jw-axis.

Ezxample 3.4
Consider a first order system
1

G(s) = P a>0

which was treated in Example 3.1. The corresponding Hamiltonian ma-
trix in this case is calculated to be

a- 0]

It is clear that H has no eigenvalues on the jw-axis iff & > 1. This
coincides with the computation in Example 3.1.

The following result is an immediate consequence of Theorem 3.8.

COROLLARY 3.11 Assume that G(s) is a stable transfer function
with state-space form (3.78). The following statements are equivalent.

(i) Gl < -
(i) Ry :=~*I — DTD > 0 and X = Ric(H,)
exist, where

A+ BR;'DTC BR;'BT

H, = ;
K —y*CT(y*I — DDT)~'C (A+ BR;'DTC)T |’
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in other words, there exists a solution X to the Riccati equation
XA+ ATX +(XB+CTD)R;"(XB+CTD)"+CTC =0 (3.85)

which stabilizes A
A=A+ BR;I(XB + CTD)T. (3.86)

Proof. The condition (i) is equivalent to
77 Gl < 1,

where 771G(s) has a realization

Al~ 1B
YIG(s) = |
Cl|y D

Application of Theorem 3.4 to (3.87) proves the assertion.

. (3.87)

Now we state another well-known factorization. If a stable matrix
¥(s) satisfies
TY(s)X(s) =1, Vs, (3.88)
then 3(s) is said to be lossless or inner. If a stable transfer function
Q(s) is invertible with stable inverse, then Q(s) is said to be unimodular
or outer. If a stable transfer function is represented as

G(s) = Z(s)Q(5), (3.89)

where 3(s) is inner and Q(s) is outer, the representation (3.89) is said
to be an inner-outer factorization of G(s). Due to (3.88), we have

G™(s)G(s) = Q7 (s)Q(s)- (3.90)

Conversely, if there exists an outer Q(s) satisfying (3.90), X(s) :=
G(s)Q(s)! satisfies (3.88). Since X(s) is obviously stable, ¥(s) is inner.
Thus, G(s) has an inner-outer factorization, if and only if there exists an
outer Q(s) satisfying (3.90). Actually, almost all stable transfer functions
with left inverse have an inner-outer factorization.

THEOREM 3.12 Assume that a stable transfer function G(s) has a
state-space realization (3.78). Then G(s) has an inner-outer factoriza-
tion (3.89), iff G~ (s)G(s) has no zeros on the imaginary azis and

R:=DTD>0. (3.91)
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In that case, factors in (8.89) are given, respectively, by

A+ BF |B
S(s) = |[ 212212 | g, (3.92)
C+DF|D
A |B
=RV | —1—|, 3.93
Q(s) AW, (3.93)
where
F=-RY(D'C - B"X) (3.94)
and X = Ric(H) with
A— BR'DTC BR'BT
H= : 3.95
[ cTuC —(A— BR'DTC)T ] (3.95)
U=I1-DD'D)'DT. (3.96)

In other words, X is a solution to the Riccati equation
XA+ ATX +(XB-CTD)R"Y(BTX - DTC)-CTC =0 (3.97)
that stabilizes A + BF'.

Proof. If G(s) has an inner-outer factorization (3.89), then, due to
(3.90), R := DTD = G~(00)G(o0) = Q~(00)Q(00). Since Q(s) is outer,
Q(o0) must be nonsingular. Therefore, R > 0. Note that H is an
A-matrix of (G~(s)G(s))~! that has no poles on the jw-axis from the
assumption. Since U > 0, X = Ric(H) exists according to Theorem 3.2.
Direct manipulation verifies that the factors (3.92) and (3.93) satisfy
(3.89). Since X = Ric(H), A+ BF is stable, and so is

A+BF |B
F I

Qs)™' = R,

Thus, Q(s) is outer.

If G(s) itself is lossless, then G(s) = ¥(s) and Q(s) = I in (3.89).
This implies that ' = 0 and R = I in Theorem 3.12. Thus XB = CTD.
Putting P = —X in Theorem 3.12, we have the following well-known
characterization of lossless systems.
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THEOREM 3.13 A transfer function G(s) whose realization is given
by (3.78) is lossless iff there exists a matriz P > 0 such that

PA+ ATP4+C"TC = 0, (3.98a)
PB+C™D = 0, (3.98b)
DTD = I (3.98¢)

Sometimes, we encounter a stable transfer function G(s) such that
G(s)G™(s) =1 (3.99)

Such a system is called dual lossless or co-inner. A state-space character-
ization of dual lossless systems is easily obtained by dualizing Theorem
3.13.

THEOREM 3.14 A transfer function G(s) whose realization is given
by (3.78) is dual lossless iff there exists a matriz QQ > 0 such that

QAT + AQ + BBT = 0, (3.100a)
CQ+DBT = 0, (3.100b)
DDT = I (3.100c)

We conclude the section by stating an application of the bounded real
lemma (Theorem 3.8) to the proof of the Small Gain Theorem, which is
concerned with the unity feedback system depicted in Figure 3.4.

« G(s)

H(s)

\ 4

Figure 3.4 The Unity Feedback System.

THEOREM 3.15 The closed-loop system of Figure 3.4 is stable if both
G(s) and H(s) are stable and satisfy

IG()ee <, NH(S)lloo <7 (3.101)
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Proof. We can assume, without loss of generality, that v = 1. Also,
we can assume that G(s) is strictly proper; that is, G(co) = 0. Let

A|B F|G
C H|D

be minimal realizations of G(s) and H(s). Due to Theorem 3.8, the
conditions (3.97) imply that there exist P > 0 and @ > 0 such that

G(s) = , H(s)=

PA+ ATP+ PBBTP+CTC =0,
QF + FTQ+ (QG + HTD)R™Y(GTQ + DTH)+ H'H =0,

where R = I — DTD > 0. The closed-loop system of Figure 3.4 has a
state-space realization with the A-matrix being given by

A+BDC BH
GC F

A=

Straightforward manipulations yield the identity

PO . . P 0 CTDT-PB
A+ AT DC-BT™P H
0 Q * 0 Q HT [ ¢ ]
CTR
R™! —(GTQ+DTH) | =0.
| _(e+HTD) [RC —(GTQ+D"H) |

It is not difficult to see that the pair

(A,

is detectable (See Problem 3.5). Due to Lemma 2.14, A is stable. |

DC — BTP H D (3102)

RC  —(GTQ+ DTH)

Notes

Almost all the materials in this chapter are found in standard textbooks
of state-space theory such as [11] except Lemma 3.7, which is new and has
not been published elsewhere. It is a different version of the well-known
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monotonicity result due to Wimmer [101] which was stated as Problem
3.3. The Riccati equation has been the fertile resource of many theoret-
ical issues in modern control theory. A compilation of the recent results
on Riccati equations can be found in the monograph [10][65]. The results
in Section 3.3 are all standard, but the derivations are nonstandard with
emphasis on clarity and simplicity.

Problems

[1]

[2]

Assume that Hy is a Hamiltonian matrix and let

Tll T12
T21 T22

T =

satisfy the identity
TTST =%,

where ¥ is a matrix given by (3.34). Show that H = THyT ' is a
Hamiltonian matrix. Prove that if Xy = Ric(Hy) exists, then

X = (Tn + T12X0)—1(T21 + T22X0) = RZC(H) (3103)
Assume that a stable system G(s) given by
A|B
cl|o

satisfies |G|l < 1. Show that A + BC and A — BC are both
stable.

G(s) =

Let X; and X5 be stabilizing solutions X; = Ric(H;) and X, =
Ric(H,) with

H; = . Wi>0, i=12

A W
Qi AT

Prove that (H; — Hy)X > 0 implies X; > X5, where ¥ is given by
(3.34).
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[4] Compute an inner/outer factorization of the system

_2(s—=1)(s+3)
T o(s+1)(s+2)°

[5] Show that the pair (3.102) is detectable.

[6] Assume that @ < 0, W > 0 in (3.31), (A4, Q) is detectable, and
(A, W) is stabilizable. Show that A is stable iff (3.31) has a solution
X >0.

[7] Assume that W < 0 in (3.31), (A, W) is stabilizable, and X, =
Ric(H) exists. Show that X is the maximum solution of (3.31) in
the sense that it satisfies

Xo> X

for any solution of (3.31).
[8] Let

B(t) = eHt = Pu(t) 2wl |
@21(t) @22(t)

where H is a Hamiltonian matrix given in (3.32), and assume that

®,,(t) is invertible. Show that X (¢) = @, (t)®P11(¢)! satisfies the

Riccati differential equation

—X=XA+ATX + XWX - Q.
[9] Show that ||C(s] — A)™'B||e < 76, iff
XA+ ATX + —IEXBBTX +20TC <0
¥ 62

for some X.



Chapter 4

Chain-Scattering
Representations of the Plant

4.1 Algebra of Chain-Scattering
Representation

Consider a system ¥ of Figure 4.1 with two kinds of inputs (b1, b2) and
two kinds of outputs (a;, ag) represented as

ay -3 bl _ 211 E12 bl ) (41)
a2 by Yo1 X by

a, bl
] le———
(05 ‘ bz

Figure 4.1 Input-Output Representation.

Assuming that ¥, is invertible, we have
by = 357 (ag — goby).
Substituting this relation in the first equation of (4.1) yields
a; = (X2 — 21122_11222)1)2 + 21122_11(12-

67
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Therefore, if we write

Y12 — ZnXaie Iyt
CHAIN (5) = | 2 _1; 21 2422 11_121 ’ (4.2)
— 21 X2 21
the relation (4.1) is alternatively represented as
(45} b2
= CHAIN (%) . (4.3)
b1 a2

The representation (4.3) of the plant is usually referred to as a chain-
scattering representation of 3 in classical circuit theory. If ¥ represents
a usual input/output relation of a system, CHAIN (X) represents a port
characteristic that more or less reflects the physical structure of the sys-
tem. The chain-scattering representation describes the system as a wave
scatterer between the (by, a;)-wave and the (b, a)-wave that travel op-
posite each other (Figure 4.2).

a Sy -~ ——
1 CHAIN () by

by— Q2

Figure 4.2 Chain-Scattering Representation.

The main reason for using the chain-scattering representation lies in
its simplicity of representing cascade connection. The cascade connec-
tion of two chain-scattering representations ©; and ©,, which actually
contains feedback connections of the two systems, is represented sim-
ply as the product ©;0, of each chain-scattering matrix, as is shown in
Figure 4.3.

The same connection is represented in the input/output format of
(4.1) in Figure 4.4. The resulting expression is much more complicated
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and is called the star-product by Redheffer [81].

QR Q)

A 4
A 4

0,0,

Figure 4.3 Cascade Property of Chain-Scattering Representation.

2

J §

%,

Figure 4.4 Star-Product.

The transformation (4.2) is represented simply as

-1
-2 %][ 2 2] o

If 3 is stable, the representation (4.4) can be regarded as a right coprime
factorization of CHAIN (X). To see that it is coprime, let U be a common
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right denominator of the factors of (4.4); that is,
g X I
S () O - mw
0 I Yoo Yo

[ My M,

Obviously,

=U!
N21 N22

which implies that U is unimodular. Therefore, (4.4) is a coprime fac-
torization.
The transformation (4.2) is also represented as

I %y

CHAIN (%)= | = "0
— 421

Xz 0 ] , (4.5)

—3g9 I

which is regarded as a left coprime factorization of CHAIN (X) when ¥
is stable.

It is interesting to derive alternative descriptions of the coprime fac-
torizations (4.4) and (4.5). Let us define the following “partial systems,”

Y= REE , Yo 1= 0 ! . (4.6)
I 0 Y1 Yoo

It is easy to see that

CHAIN (2,.) = [ 20” 2[” ] :

-1
CHAIN (S,) = { Lo } .
Yoo Yo
Therefore, it follows, from (4.4), that
CHAIN () = CHAIN (%) - CHAIN (£.). (4.7)
In a similar way, we can represent (4.5) as

CHAIN () = CHAIN () - CHAIN (X.,), (4.8)
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where

241 =

)
Xu I xpm | O Z | (4.9)
221 0 I Z:22

The meaning of the representation (4.7) is illustrated in Figure 4.5, where
3. and X, are identified with 3; and ¥, in Figure 4.4 | respectively.
Thus, ¥ is represented as the star product of ¥;. and ¥, implying (4.7).

y T TTTTTTTETT :210

: 211 | E

E Y12 e E

_______________ ]
—

5 221 [ :

: 292 |e E

s )

Figure 4.5 Illustration of (4.7).

An analogous reasoning can be obtained for the representation (4.8),
which is left to the reader.
Let
a1 Og

Then ¥ is represented in terms of © as

Y= [ 01203 ©O11 — 01205, 604 }

0= [9“ @12} = CHAIN (%).

4.10
O —03 02 (4.10)

Note that O is always invertible if © is a chain-scattering matrix. The
representation (4.10) has factored forms

-1
5 [@11 @12} [921 922} (1)
0 I I 0
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I —e,] [0 e
- NG e (4.12)
0 @22 I _@21

The transformation (4.2) is also represented in terms of coprime fac-
torizations of the input/output form (4.1). Let ¥ in (4.1) be represented
as a right coprime factorization

-1

Ny N My, M

5= 11 12 11 12 ’ (4.13)
Ny Ny My Moy

where the sizes of the block matrices in (4.13) are conformable to the par-
tition of ¥. Then, by introducing an intermediate variable ¢ = [cf cI]T

the relation (4.13) is represented as
ay _ Nii Ny 11 (&1 ]
a2 Ng1 Ny Co ’
by _ My My 11 (] ]
by My My C

It follows that

ay _ Nii Ny C1 by _ My My, C1
by My My Co ’ a2 Ny Ny Co

Thus, we have a representation of CHAIN (%) as

)

-1
Ny N My, M.
CHAIN ()= | ~" % S (4.14)
My, My Na1 Ny
If X is represented by a left coprime factorization
~ ~ -1 A A
n= | Mo Mz | N Mo (4.15)
My Mo Noy Nio

then we have

Mu —Nu a _ le —M12 by
My —No by Nyy —My a2
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This yields a representation of CHAIN (X) as

- N -1 N N
CHAIN (%) = My —Nu Mo =M | (4.16)
Mgl —N21 N22 _M22

Although the chain-scattering representation is not widely known in the
control community, it is a popular way of representing physical systems
from the viewpoint of power port analysis.

Ezxzample 4.1 Electrical Circuit
An electrical circuit with two ports in Figure 4.6 is represented by a
cascade matrix F' as

0

i

This is a typical example of chain-scattering representation. The F-
matrix is used for filter design. It is a chain-scattering representation of
a hybrid matrix H defined as

V2
=F ]
12

F = CHAIN (H).

The hybrid representation is convenient for representing a circuit con-
taining transistors.

I3 2
o—>— L ————»>—0
U F [P)
O—————| <«

Figure 4.6 Electrical Circuit.

Example 4.2 Acoustic Tube
Consider an acoustic tube as shown in Figure 4.7. The pressure p(z, t)
and the particle velocity v(z,t) are related as

dp ov

P _y
oz TP =Y
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0 Ov
44 +k— =0,
ot Oz
where p and k are the density and the elasticity of the air, respectively.
Now it is clear that both p and v satisfy the wave equations
?p L9 v 0N

o € ) 20 — C oo
ot? ox?’ Ot? 0x?

The relation between the pair of port variables p and v at x = 0 and
z = L for sinusoidal behaviors is described by

i

[ cosh(yLs) sinh(yLs) }

sinh(yLs) cosh(yLs)

where v := /p/k = 1/c. Obviously, U is a chain-scattering representa-

tion.
p *
() )

x=0 x=L

Figure 4.7 An Acoustic Tube.

Ezample 4.8 Vibration Suppression

Consider a mechanical system of Figure 4.8. The mass m; connected
to a fixed surface by a spring k; and a dashpot c; receives an external
force w. The active force u is applied to m; and my to suppress the
passive vibration absorber composed of a spring k; and a dashpot cs.
Taking z; and z, as displacements of m; and ms, respectively, we have
the following equations of motion,

maZy + a1Zy + co(E1 — T2) + k1zy + ko(z1 — 22) = w — u,

Moo + CQ(C&Q — Cbl) + kz(l‘g — Zl) = U.
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If we choose

as the controlled output and
Yy = mo.’fl + CofL:l + ko.’L'1

as the observed output, we have the plant description:

M

sq(s) mys®
I(s) I(s)
Y= 0 1 ,
q(s)p(s) | _mas’p(s)
I(s) i(s)

where

l(S) = (m182 + C18 + k‘l)(m282 + CoS + kQ) —+ m282(023 —+ k2),
q(s) = mays® + cas + ko,
p(s) = m082 + coS + ko.

According to (4.2), we have

0 S
p(s)
CHAIN (£)=| 1 0 ,
mos® | 1(s)
a(s) | p(s)a(s)

which is slightly simpler than the original expression of ¥. Now, from
(4.6), it follows that

[ sq(s) | mas
I(s) I(s)
El.z— 0 1 )
L 1] o
o I )
Zo. = | q(s)p(s) | _mas?p(s)
| U(s) i(s)
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According to (4.2), we have

r _m233 sq(s)
l l
CHAIN (£..) = 1(3) (g )
o0 | 1
1| o
CHAIN (22) = m232 l(S)
L 4a(s) | p(s)g(s)
It is straightforward to see that (4.7) holds.
w
€1 | C2
b ——

Figure 4.8 A Mechanical System.

4.2 State-Space Forms of Chain-Scattering
Representation

Assume that the system ¥ in (4.1) has a state-space realization

- A| B B,
Y= [E” 212} C,| Dy Dy |- (4.17)
aoo Cy | Dy Da

If ¥} exists and is proper, the chain-scattering representation (4.2) is
also a proper rational matrix and can be represented in a state-space
form. Now, according to (4.17), a state-space form of ¥ in (4.1) is de-
scribed as

T = Az + Blbl + ngg, (418&)
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a = Cl.’E + Dllbl + Dlgbg, (418b)
Ay = CQ(L' + D21b1 + D22b2. (4180)

It is clear that ¥, exists and is proper if and only if Dj;! exists. In that
case, the relation (4.18c) is written as

b1 = D2_11((12 - CQ.’E - D22b2).
Substituting this relation in (4.18a) and (4.18b) yields

T = (A — B1D2_1102)27 + (B2 — BlDz_lngg)bg + Bngllag,
a1 = (C1 — D11 D3'Cy)x + (D1g — D11 D3t Dyg)by + Dy Dylas.

Thus, we have the following state-space realization of CHAIN (%),

A-BD;!'C, | By~ B\D;'Ds;  B,Dy
CHAIN (¥) = | Cy — D11D3'Cy | Dy — DDy Dy D1y D3
—D3'Cy —Dy' Doy Dy’
(4.19)
An interesting feature of the state-space form (4.19) is its connection
with state-space forms of the factored representations (4.4) and (4.5).

Due to (4.17), state-space realizations of ¥;. and X, in (4.6) are given
by

- - [A|lB B ] ¢ ;
R ———| [ 4]|B 120
1. = I O - Cl Dll D12 - C’j, D ) ( . )
. I lo|lr o L7HIFH
[0 1 ] (ALB B ] 1, p]
e T e R A e e v DL
i 21 22_ _02 D21 D22J i 2 2'J

where

(4.22)
Dl. = Dll D12 s D2. = 0 I .
I 0 D21 Do

A state-space form (4.19) can be represented in a compact way in terms
of the state-space forms of ;. and X,. as follows.
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LEMMA 4.1 A state-space form (4.19) of CHAIN (X) is represented

as
A-BD;'C, | B
CHAIN () = |— 222 | D' (4.23)
¢y — D1.D;'C, | Dy
Proof. Noting that
Dl —D3'Dyy D3
z I o |’
we can prove the equivalence of (4.19) and (4.23) immediately. 1

The representation (4.23) implies that CHAIN (X)) is generated by
applying a state feedback K = —D;lég and an input transformation
U = D;! to the system X;. given by (4.20). The representation (4.23)
corresponds to the factored representation (4.7). The state-space forms
(4.17) and (4.19) also establish the following important result.

LEMMA 4.2 If the state-space realization (4.17) of ¥ is minimal, then
so0 is the corresponding state-space form (4.19).

Proof. If (A, B) is controllable, so is the state-space form (4.19).
Analogous arguments apply to observability. 1

Let
m = dim(a;), r = dim(ag) = dim(b;), p = dim(bs).

Introducing the notation

Im
e = 01 (4.24)
0 —I
we can easily establish the following identities.
ctc = CtJmC —CTJ,C, (4.25a)
¢'D = CTJpDy. —CFJ,eDs, (4.25b)
ILw, — D'D = D} J,Dy — DY Jp, Dy, (4.25¢)

where
C = Ci D= Dy Dyo .
Cy Dy1 Doy

These relations are used later.
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4.3 Dualization

If ;5 is invertible in (4.1), we can solve the first equation of (4.1) with
respect to by to obtain

b2 = 21_21((11 - Ellbl)- (426)

Substituting this relation in the second relation of (4.1), we have an
alternative representation of (4.1) as

b s S 3P5) ]
2 | _ 12_1 12 1_11 a ' (4.27)
a2 222212 Yo1 — E22212 X by ]
We write
»o) ¥y ]
DCHAIN () := 2o i : (4.28)
Yoadiiy o — Xopdipp X |

which is called a dual chain-scattering representation of X. If both Xy
and X9 are invertible; that is, if both CHAIN (X) and DCHAIN (%)
exist, they are inversely related, that is,

CHAIN (S) - DCHAIN (S) = 1. (4.29)

The duality between the primal and its inverse is another salient char-
acteristic feature of the chain-scattering representation.
It is easy to see that DCHAIN (X) in (4.28) is also represented as

-1
DCHAIN (%) = [2122 221} {282 EI“} (4.30)
-1
_ Y2 0 I —%y (431)
—X I 0 X9 . '

These representations correspond to (4.4) and (4.5), respectively. Dual
to (4.7) and (4.8), these representations are rewritten as

DCHAIN (S) = DCHAIN (S,)DCHAIN (£, (4.32)
= DCHAIN (S.,)DCHAIN (X.,), (4.33)

respectively, where ¥; and 3, (¢ = 1,2) are given in (4.6) and (4.9),
respectively.
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If
Ui Yo

\Il21 “1122

U= — DCHAIN (%),

then we can represent X in terms of ¥ as

—U0, Ly

Y= _ -1 -1
Wop — Uy Uiy Wi YWy

This actually represents the inverse transformation of DCHAIN, which
is also represented as

-1
I 0 0 I
T = (4.34)
\IJ21 ‘Il22 \Illl \1’12
-1
Uy 0 —Uy, I
= H 12 . (4.35)
Uy I Ty 0

Associated with the right coprime factorization (4.13) of ¥, DCHAIN
(X) can be represented as

(4.36)

-1
Dam”NQn:[AﬁlAag]{Nn Nn} |

Ny Ny My M,

The representation of DCHAIN (%) corresponding to the left coprime
factorization (4.15) is given by

DCHAIN (%) =

N ~ -1 ~ N
Ny —Ahz] {Aﬁl -Nn} (437

N22 -M22 MZI ‘NZI

If ©7; is proper, we can obtain a state-space realization of the DCHAIN
(X) in terms of a state-space realization (4.17) of ¥. Since X3 is proper
if and only if D7, exists, we have, from (4.18b),

bg = Dﬁl(al - CliE - Dllbl)-
Substitution of this relation in (4.18a) yields

T = (A - B2Di-2101)$ + Bng21a1 + (Bl — B2D1_21D11)b1.
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This, together with (4.18c), gives a realization of DCHAIN (X)) as

A— B,Dy, Cy l ByDi; By — ByDiy Dy
DCHAIN (%) = _DplC D7y —Dy, Dy
Cy — Dy D1, Cy | Dyy Dy Doy — DaeDiy Dy
(4.38)
The dual version of Lemma 4.1 is obtained in terms of state-space real-
ization of the factors in (4.31) which are given by

. 0o I -I x Al B

Si=3, = Rl I (il Nt S (4.39)
B 0 To Cc|D,

. [0 1] [-m2, 0] [Al]lB]

o=, = 12 = | ==, (4.40)
-1 0 ~S 1 | c| D,

C:[Cl ,Bi=[0 B, |, Bo=[-B, 0],

by 0 } (4.41)

—Dyy I

LEMMA 4.3 A state-space form of DCHAIN (X) is represented as

A-B,D3'C| B, - B,D3'D,

DCHAIN (£) = D3
C [ D,

} . (4.42)

The state-space realization (4.42) implies that DCHAIN (X) is ob-
tained by performing an output insertion L = ——BgDz and an output
transformation V = D3' to the system 1 given by (4.39). If we identify
the sizes of signals in (4.1) as

m = dim(a;) = dim(be), ¢ = dim(ay), r = dim(b;), (4.43)
we have the identities:

BBT = ByJ,BY — B, J,n, BY, (4.44)
BDY = ByJ,,D% — By J,, DY, (4.45)
Imiq— DDT = D, Jypy DY — Dy J iy D%, (4.46)
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where

D11 Dsg
B=|B By|, D= .
[ b ] [ D21 Dy ]

In (4.43), the equality dim(a;) = dim(b,) comes from the assumption
that Y5 is invertible.

4.4 J-Lossless and (J, J')-Lossless Systems

A system ¥ is said to be lossless if ¥ is stable and the input power is
always equal to the output power; that is,

1B G I + 1B2(Gw)lI* = llar (Gw)lI* + llag(jw)If? (4.47)
for each w. An equivalent representation of (4.47) is given by
Y (s)2(s) =1, Vs, (4.48)

which is equivalent to (??). If the stability is not required, ¥ is said to
be unitary.
Assume that ¥ has a chain-scattering representation

© = CHAIN (%).

Preservation of power expressed in (4.47) is written in terms of the port
variables of (4.3) as

lar (o)1 = l1b1(Gw)lI* = [Ib2(Gw) > = llaz ()|, (4.49)
which is equivalently represented as
0~ (8)JmrO(s) = Jpr, (4.50)

where m = dim(a;), r = dim(as) = dim(by), p = dim(by), and Jp,
denotes the signature matrix

oy = Im 0 . (4.51)
0 -1,

A matrix O satisfying (4.48) is called (Jmr, Jpr)-unitary. If m = p, then
it is simply called J,,,.-unitary.
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Another important property of lossless systems is the inequality
Y*(s)X(s) <I, VRes>0, (4.52)

which comes from the stability of ¥(s) and the Maximum Modulus Theo-
rem [2]. This property is passed on to its chain-scattering representation

as
O*(8)JmrO(s) < Jpr , VRe s >0, (4.53)

as we show in the next lemma.

A matrix ©(s) satisfying (4.50) and (4.53) is called (Jyr, Jpr)-lossless.
We sometimes use the abbreviated notation (J, J')-lossless if the sizes of
Jmr and Jp, are clear from the context or irrelevant.

The preceding argument implies that if ¥ is lossless and © =
CHAIN (¥) exists, then © is (Jpy, Jpr)-lossless.  Actually, a much
stronger result holds in the following lemma.

LEMMA 4.4 A matriz O(s) is (Jmr, Jpr)-unitary (lossless) iff it is a
chain-scattering representation of a unitary (lossless) matriz.

Proof. Let

O = 611 @12
@21 @22

be a partition of © with ©;; and ©,5 being m X p and r X r, respectively.
Due to (4.50), we have

12012 — 05,09 = —1I,. | Vs.

,M::[em 922},
I 0

Y=NM"1
This corresponds to (4.11), and hence © = CHAIN (X). It follows that

This implies that O3 exists. Let

N o= O O
0 I

and define

M~ (s)M(s) — N~(s)N(s) = Jpr — O~(8)JmsO(3).

The assertion is now obvious, because ¥ is unitary iff M~M = N~N
and ¥ is lossless iff it is unitary and M*M > N*N for each Re s > 0. g



84 Chapter 4. Chain-Scattering Representations of the Plant

A state-space characterization of (J,J')-lossless systems is well
known. We give a proof based on the state-space characterization (4.19)
of the chain-scattering representation. Let

Ao Bg

O(s) =
(s) AN

€ RL?TOn+r)x(p+r) (4'54)

be a state-space realization of ©.

THEOREM 4.5 A matriz O(s) given by (4.54) is (Jmr, Jpr)-unitary,
if and only if

D} Jinr Do = Jpr (4.55)

and there exists a matriz P satisfying
PAg+ AYP + Cf JneCy = 0, (4.56a)
Df JyneCo+ B P = 0. (4.56b)

The solution P satisfies P > 0 iff © is (Jmy, Jpr)-lossless. The solution
satisfies P > 0 iff © is (Jpyr, Jpr)-lossless and (Ag, Cy) is observable.

Proof. Due to Lemma 4.4, there exists a unitary system ¥ such that

© = CHAIN (2). Let
A|B
c|p

be a realization of ¥. Theorem 3.13 implies that DTD = I and there
exists a matrix P such that

PA+ATP+CTC =0, PB+CTD=0. (4.57)

Y=

Due to Lemma 4.1,
Ay = A— BD;'C,, By = BD;!, (4.58)
Cy=C, — D1.D;'C,, Dy = Dy.D; Y, (4.59)
where Cy, D, C’l, D,. are given by (4.22). Write
J=Jmry, J' = Jpr
for simplicity. Since DTD = I, we have, from (4.25¢),
DY J'D, = DY JD,, (4.60)
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which implies (4.55) due to (4.59). Also, from (4.25a), (4.25b), (4.59),
and (4.57), it follows that

CFJiCy = (C, — D1.D;'Cy)TJ(Cy — D1.D7Cy)
=CTJC, - CTD;T(DTC + DY JCy)
+(CTD + CTIDy)D;'Cy + CTJ'C,y
=CTJC, - CIJ'Cy — CTD;TDTC — CTDD;1Cy
=CTC +CID;TBTP + PBD;'C,.
From this identity and the first relation of (4.57), we can easily show

(4.56a) using (4.58). Finally, using (4.25b), the relation (4.56b) is shown
as

DIJCy + Bf P = D;TDTJ(C, — D,.D;*C,) + D;TBTP
= D;7(DTC + DL J'Cy) — JCy + D;TBTP = 0.
If © is (J,J')-lossless, ¥ is lossless due to Lemma 4.4. In that case,

P > 0. This establishes the second assertion.
In view of (4.58), we can represent

Ag=A-LC, Co=VC,

I —Dy,D;}
L=[0 BD; | V= . B_fl ]
—4721

Since V' is nonsingular, (Ag, Cp) is observable iff (A4, C) is observable. In
that case, the observability gramian P in (4.57) is positive definite due

to Lemma 2.14. Thus, we have established the final assertion. 1
Example 4.4
A system
-2
s = 0
Os)=| *F% 11
0
s—1

is Jy1-lossless. Indeed, for J = diag[1, —1], we have

—s-2 s=2
O (s)J0(s) = | T2 || TP | =4

—s—1 s—1
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8o

—— 0
2
@*(S)J@(8)=J— |8| +40+14 o _<_J,
0 |s|2 =20+ 1
oc=Res>0.
Now O(s) has a realization
-2 0(—-4 0
0 10 2
O(s) =
1 011 0
0 110 1

It is straightforward to see that

P = [ /4 0 ] >0
0 1/2
satisfies (4.56).

Ezample 4.5

A system
s+1 0

O(s) = s—1 5—2

s+2

is obtained by swapping its diagonal elements of the system in Example
4.4. From

40 0
2 _
J—0%(s)J6(s) = — | IsP—20+1 %o <0,
0 112 + 4o + 4

we know that ©(s) is not J-lossless.
Ezample 4.6

A slightly more complex example of a J-lossless system is given by

2 7
1 82—§-S+2 =5
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Its state-space realization is given by

0 —-1| -1 -1
—2 —1|-5/2 3/2
o(s) = /2 3/
1 5/4] 1 0
-1 3/4] 0 1

A direct computation proves that

1 0
P:[o 1/2}>0

satisfies (4.56) in this case.

Now we state several important properties of (J, J')-lossless matrices.
A direct consequence of Theorem 4.5 is as follows.

LEMMA 4.6 Any (Jm:, Jpr)-lossless matriz © is always represented as

where O is a Jy,-lossless matriz and D is a constant (Jpy, Jpr)-unitary
matriz.

Proof. Let (4.54) be an observable realization of ©, and let P > 0 be a
matrix satisfying (4.56). From (4.56b), By = — P~'C{ J,.r Dg. Therefore,
taking D = Dy and

Ag | =P 1CF Jruyr
@0 = )
Co | I
the representation (4.59) holds. ]

Lemma 4.6 implies that any (J, J')-lossless system © is represented

as
Ag | —P7ICT
0= |22 | o) D, (4.62)
Co| I
where P is a positive definite solution of
PAg+ AP+ CFJCy = 0. (4.63)

From this representation, we have the following result which demon-
strates a salient characteristic feature of (J, J')-lossless systems.
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LEMMA 4.7 If X is a zero of (J, J')-lossless system ©, then, —\ is a
pole of ©.

Proof. Let © be given by (4.54) where P satisfies (4.56). If \ is a zero
of ©, there exist vectors £ and 7 such that

(Ag - )\I)f - P_lcgJDgn = 0, 095 + D977 = 0,
where we used (4.56b). Eliminating 1 yields
(Ag + P~ICEJCQ — AI)& =0,

which is identical to (AZ + AI) P& = 0 due to (4.56a). Since P > 0, we
conclude that —A is an eigenvalue of Ay. Thus the assertion has been
established. ]

Given a (Jpmy, Jpr)-lossless system © with m > p, ©; is said to be a
complement of © if

& =[6 o]

is Jm,-lossless. Obviously, a complement ©; of © is (Jpy, In—p)-lossless

and satisfies
@~J91 = 0

For a constant (Jp, Jpr)-unitary matrix, the complement always exists.
Indeed, let D be a (Jp,, Jpr)-unitary, that is,

DT Jpe D = Jyp, (4.64)

and write U := J,,, — DJ, DT. Due to (4.64), UT J,,,,U = UT = U, and
DT J,,,U = 0. Therefore, we have

Since [ U D ] is nonsingular, the inertia theorem implies that U > 0
and rankU = m — p. Therefore, we can write U = D; DT for some D,
with full column rank m — p. It is obvious that DT J,,, D, = I, and
DT J,.r D = 0. Therefore, D, is a complement of D.

The following result is a direct consequence of the preceding reason-
ing.
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LEMMA 4.8 Any (Jpy, Jor)-lossless matriz has its complement.

Proof. Let © be a (Jp, Jpr )-lossless matrix. Then Lemma 4.6 allows
a representation (4.61). Let D; be a complement of D. It is obvious that
©, = 6OpD, is a complement of O. 1

It is well known that a J-lossless matrix can be factorized according
to the decomposition of its set of poles. The following result extends this
fact to general (J, J')-lossless matrices.

LEMMA 4.9 Let C = C, U C;, be a division of the complex plane
into two disjoint sets Cy and Cy. Any (Jpr, Jpr)-lossless matriz O(s) is
represented as a product

O(s) = 01(5)Oa(s), (4.65)

where ©1(s) is a Jm,-lossless matriz whose poles are in C; and O,(s) is
a (Jmr, Jpr)-lossless matric whose poles are in Cs.

Proof. We can always find a minimal state-space realization of O(s)
in the form

, (4.66)

where 0(A;) C C; and 0(As) C Cy. Due to Theorem 4.5, there exists a
solution

[ R
Py Py
of the equations
A 0 AT 0 Ccr
P+ J1Cp Cy | =0, (467
0 A [OAg [CQT[I?] (4.67)
By ct
P + JD = 0. 4.68
5 [Cg (4.65)

We can show that the two systems given by

(4.69)

A | -PitCT }

@1(8) = [ Cl l I
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Ay | B,
Co—CiP7'Py | D

Oq(s) := (4.70)

satisfy (4.65). Indeed, from the concatenation rule (2.13), it follows that

Ay, PR'CTJ(CiPR Py — Cy) | —PCTID
©1(5)Oa(s) = | 0 Az B
C Cy — C1 P Pps | D

Taking the similarity transformation with the transformation matrix

I —Pi'Py,
0 I

I Pi'Py

T1=
’ 0 I

T =

and using the relations (4.67) and (4.68) verify that the product
©1(s)O4(s) really coincides with ©(s) as given by (4.66). It is obvious
that ©;(s) is J-lossless, because Pj; satisfies Equations (4.56) in Theo-
rem 4.5 for ©;(s). As for ©y(s), it is not difficult to see that the Schur
complement Py — PLP;;* Py, of P satisfies Equations (4.56) in Theorem
4.5 for the realization (4.70). 1

4.5 Dual (J, J')-Lossless Systems

In the preceding section, we showed that the chain-scattering representa-
tion of a lossless system is (J, J')-lossless. In this section, we investigate
the corresponding property of dual chain-scattering representation. As
we see later, the dual chain-scattering representation ¥ = DCHAIN (%)
of a lossless system X satisfies

U(8)Jmr U™ (8) = Jmq Vs (4.71)

U(8)mr¥*(S) > Jmg, Res>0 (4.72)

where m = dim(a;) = dim(bs),q = dim(ay),r = dim(b;) in the repre-
sentation (4.1) of ¥. The assumption dim(a;) = dim(by) is due to the
invertibility of ¥j5. A matrix ¥ satisfying (4.71) and (4.72) is called
dual (Jmr, Jmg)-lossless or simply, dual (J, J')-lossless. 1t is clear that if
© is J-lossless, then ¥ = ©™ is dual J-lossless.
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LEMMA 4.10 A matriz V(s) is dual (Jpr, Jmq)-lossless, if and only if
it is the dual chain-scattering representation of a dual lossless system.

Uy, U
U= n Yo
Vo1 VYoo

U0, — Uyl > I

Proof. Let

Due to (4.71), we have

This implies that W;; is invertible. Let

N={—%2 I},M:
‘ygg 0

¥;; O
—Uy I

and define ¥ := M~!N. Then, due to (4.35), ¥ = DCHAIN (%). It is
easy to prove the identity

MM* — NN* = JpnqU e ¥ Jing — Iing,
from which the dual losslessness of ¥ follows immediately. The converse

can be proven analogously. 1

The state-space characterization of dual (J, J')-lossless systems can
be obtained in an analogous way as in the previous section. Let

Ay | By
Cy | Dy

be a state-space realization.

\II(S) = (S RL(O:;‘L-’rq)X(m—}-T) (473)

LEMMA 4.11 A matriz ¥(s) given by (4.73) is dual (Jpr, Jmq)-unitary
if and only if

DyJimy Dy = Jmg (4.74)

and there exists a matrix () such that
QA;II: + A¢Q - BngTBd, =0, (475&)
D¢JB$ - Cy@Q =0. (4.75b)

The solution @ satisfies Q > 0 iff ¥ is dual (Jmr, Jimq)-lossless. The
solution satisfies @ > 0 iff (Ay, By) is controllable.
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Proof. Assume that ¥ is dual (Jpy, Jimq)-lossless. Due to Lemma 4.10,
there exists a dual unitary system ¥ such that ¥ = DCHAIN (X). Let

g8
C|D
be a realization of ¥. Since ¥ is dual lossless, Theorem 3.14 implies that
DDT = I and there exists a matrix @ such that
QAT + AQ+BBT =0, QCT + BDT =0 (4.76)
Due to Lemma, 4.3,
Ay = A— ByD3'C, By = B, — B,D3'D,,
Cy = D3'C, D, = D3'D,,
where By, By, D1, D., are given by (4.41). Write
J = Jnry J' = Jing,
for simplicity. Since DDT = I, we have, from (4.46),
D,J'D% = D,JDY,
which implies (4.74). Due to (4.44), (4.45), and (4.76), we have
ByJBY = (B, — ByD3'D.1)J(By — BoD3'D.y)”
= B,JB, — B,J'BY + B,D;'DB” + BDTD;TBY
= -BBT — B,D3'CQ — QCTD;"B]
= AyQ + QAY,
which establishes (4.75a). From (4.76) and (4.43), it follows that
DyJBj ~ C4Q = D5'DaJ(Bf — DID3TB]) — D5'CQ
= D;}(DyJ'BY — DBT) — J'BY + D3'DBT =0,
which establishes (4.75b).
If ¥ is dual (J, J')-lossless, then ¥ is dual lossless. In that case, @ in
(4.76) satisfies @ > 0, which establishes the second assertion. As in the
proof of Theorem 4.5, we can show that (Ay, By) is controllable iff (A4, B)

is controllable. The last assertion follows immediately from Lemma 3.2.
|

Comparison of (4.56) and (4.75) yields the following result.
LEMMA 4.12 A matriz © is J-lossless iff ¥ = ©~ is dual J-lossless.
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4.6 Feedback and Terminations

Consider again a system ¥ described in (4.1). If a5 is fed back to by by
by = Sas, (4.77)

then the transfer function from b; to a; is given by

a; = q)bl (478)
® =31+ 2125 — $909) 18y, (4.79)

The relation (4.79) is sometimes called a linear fractional transformation
in the control literature and is denoted as

LF (2, S) = 211 + 2128(1 - 2225)—1221. (480)

The same relation can be described in terms of © = CHAIN (X) defined

a | _g by | _ | ©u On by (4.81)
by ap O71 Oy ag
Substitution of (4.77) in (4.81) yields
a; | | ©uS+06n a
b 018 +6s5 |
Therefore, ® in (4.78) is given by
b = (@118 + @12)(6215 + @22)_1.
This relation is denoted as
HM (@, S) = ((“)118 + @12)(@215 + @22)_1. (4.82)

The symbol HM stands for “Homographic Transformation,” which was
used in classical circuit theory. The representation (4.82) is also called
a linear fractional transformation, but in this book we adopt the words
Homographic Transformation according to [15], in order to distinguish
it from (4.80). The Homographic Transformation represents a feedback
in terms of chain-scattering representations. In the context of circuit
theory, it represents the “termination” of a port by a load. Figure 4.9
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represents LF and HM. The termination of a chain-scattering represen-
tation is equivalent to the feedback of an input/output system.

ai bl

—) e—

)Y

a? N b2

ai bz
- 1———-—-—|
¢ S
_ I
b1 a2

Figure 4.9 LF and HM.

Now we list some properties of HM.

LEMMA 4.13 HM (©;S) satisfies the following properties.
(i) HM (CHAIN (%) ; S) = LF (%;9).

(it) HM (I;S) = S.

(itt) HM (©1; HM (©4;5)) = HM (©,0,; 5).

(w) If HM (©;S) =F and ©7! exists, S = HM (07 1; F).

Proof. (i) is a defining property of HM. (ii) is obvious from the
definition (4.82). Statement (iii) is clear from the concatenation property
of chain-scattering representation described in Figure 4.10. Property (iv)
is a direct consequence of (ii) and (iii). ]
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e | 6, S|
— s ——+
!

0,0,

=

Figure 4.10 Cascade Structure of HM.

Now we show a few examples of HM.

Example 4.7 Parameterization of Stabilizing Controllers
Assume that the system

5 . = Az + Bu
y=Cz

is stabilizable and detectable. Let F' and H be gains of state feedback

and output insertion such that A + BF and A + HC are both stable.

Define
A+BF|B -H

U= F I 0
C 0 I
Then the controller
u= Ky

stabilizes the plant ¥ iff it is represented by
K = HM (U;Q)

for some stable Q.
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Ezample 4.8 Input Impedance of Electrical Circuit (Figure 4.11)

]
U F Zz
B

Figure 4.11 Electrical Circuit.

The input impedance of an electrical circuit described by a cascade ma-
trix F' terminated by an impedance Z, is given by

Z = HM (F; Zy).

Example 4.9 Perturbed Linear Equation
Consider a linear equation
Az =b.

If the (7, 7)th element a;; of A is perturbed by A, that is,
Q5 — Q45 + A,
the solution to the perturbed equation is represented as

1P| P

= HM
o ( |4yl Al

vA)v

where |A;;] is the (3, j)th cofactor of A and P is the matrix A with its
kth column replaced by b.

Now we derive a state-space form of HM (©;S) in terms of state-space
forms of © and S given, respectively, by

A| B B

| 1 2 As Bs

0= Cl D11 D12 ) S = c 1D . (483)
02 D21 D22 ’ °
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The relation (4.3) is then described as
T = Az + Blbg + Bgag,
ay = Cl.’E + D11b2 + Dlgag,
by = Cox + Dby + Dagas,
and the relation (4.77) is described as
é = Asg + Bsas,
by = Cs€ + Dsas,
where z and £ are the states of © and S, respectively. Elimination of by

from the preceding relations yields

T A B.C; T B
: = + az,
13 0 A I3 B,
a Cl DuCS T D1
= + Qag,
b1 C2 Dgle § D2
where .
B B, B,
D;
D1 - D11 D12 I :l . (484)
D2 D21 D22

From these relations, we obtain a state-space realization of HM (©;5)
which represents the transfer function from b; to a; as

A. | Be
HM (©;8) = , (4.85)

C1C DC

A Blcs B -1
Ac = 0 As - Bs D2 [ C2 D2ICS } ) (486)
B |
Be=| o | Dy' Co=[Ci~ DGy (D= DeDa)Cs |,

‘ D.= D,D;?, (4.87)

subject to the condition that Dy = Dy; Ds+ Do, is invertible. This is the
condition for the well-posedness of the feedback scheme of Figure 4.9.

Now, we define the internal stability of the terminated system of
Figure 4.9
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DEFINITION 4.14 A terminated system of Figure 4.9 is said to be
internally stable if the matriz A, given in (4.86) is stable, where minimal
realizations of © and S are given by (4.83).

We prove a fundamental result that is strongly relevant to the H*®
control problem.

THEOREM 4.15 Assume that © is (J, J')-unitary. There exists a ter-
mination S such that HM (©;S) € BH™ iff © is (J, J')-lossless. In that
case, HM (©;S) € BH™ iff S € BH™.

Proof. From the definition of HM (©;.5), we have

HM (©;5) = NM™

u-eli)

Since O is (J, J')-unitary, we have
N™(jw)N(jw) — M~ (jw) M (jw) = 5~ (jw)S(jw) — I.

If HM(©;S) € BH*®, N~ (jw)N (jw) — M~ (jw)M (jw) < 0 for each w.
Therefore,
S~ (jw)S(jw) < I, VYw.

Assume that S has a state-space realization (4.83). Due to Theorem 3.9,
there exists a stabilizing solution X, of ARE,

X As+ ATX, + (CTD, + X,B,)R™Y(DTC, + BT X,) + CTC, =0
R:=1-DTD, > 0.
(4.88)
Assume that © has a state-space realization (4.83). Since © is (J, J')-
unitary, Theorem 4.5 implies that there exists a solution P to the equa-
tions

PA+ ATP +CTC, — CICy =0,

DY, -Dj Ci Dy D | | BfP I 0
Di, -Dj, Co Da Doy BIpP 0 —I|
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These relations yield
DID, — DTD, = I — DT D,
DI D, + D,= DI D,
PB=CID,- CTD,
where B, D;, and D, are given by (4.84). From these relations, we have

Df,D.= DI + D,D;', DI (I - DI'D,)D, = I — DT D,,

Cg‘ T T
orpr | = DED) [ G2 DuC; | +CTC,
s 721

—PBD;'Cy, — CTD;TBTP  CT(Dy, — D.D,)C,
CT(Dy, — D.Dy»)*Cy  D,D;'Dy — DL D;TD,
CTc, —Crc, CID;TD,C,

[—czDZDm I J

using the expressions (4.87) and (4.84). It follows that

0
CID. + B.=
0 X
4 , 0 1
+ (I-DTD,) + D;.
CTD X,B,+CID, |

Simple but lengthy algebraic manipulations based on the preceding re-
lations yield

P 0
0 X

P 0
0 X

P 0 0
+|CTD, +
0 X, X

+CTC, = 0. (4.89)

A+ AT

B.)(I - D'D,)"{(DXC, + B
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Stability of A. implies P > 0, X, > 0, which is equivalent to
HM (©;S) € BH* according to Theorem 3.9. ]

It is worth noting that the matrix A, given in (4.86) is the A-matrix

of the inverse of
S
I
[ A| B B

| Co| Dy Doy

0215+ Ogg = { ©21 O ]

As | Bs
Cs | Dg
01

i A Blcs B1DS + BZ
= 0 AS BS
| C2 DyCs I D31 Dg + Doy

Based on this observation, we can show the following result which is
intuitively clear.

LEMMA 4.16 Assume that a terminated system HM (©;S) is inter-
nally stable. Then, for any unimodular II, HM (OII; HM (I17%;.9)) is

internally stable.

Proof. Since HM (OI1; HM (II71; S)) = HM (©;S5), the A-matrix of
the state equation of Figure 4.12(a) is composed of the A-matrix of the
system equation describing the system of Figure 4.12(b) and those of II
and I17!. Since Figure 4.12(b) is internally stable from the assumption
and IT is unimodular, both parts of the A-matrix of the state equation
of HM (©II; HM (II7%; S)) are stable. ]

Now we introduce a dual notion of HM, which corresponds to ¥ =
DCHAIN (X). The relation (4.27) is written as

p—rl Q —
as by Uy Wa

N } . (4.90)

Uy Uy }
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D— n—
Q) I | (s
— I )
(a)
-+ Q—l
C S
—_— 3

(b)
Figure 4.12 Equivalent Block Diagrams.

The feedback (4.77) is written as
= !”] —o

Therefore, due to (4.90), we have

(U1 — SUsg1)ay + (V12 — SWso)by = 0.
It follows that

ay = —(U11 — SUy) (W12 — SUs)b1.
This is an alternative representation of ® in (4.79), and is denoted by

DHM (U; S) := —(Uy; — SUy) 1 (Tg5 — STy), (4.91)

which is obviously a dual of HM. The following lemma lists some prop-
erties of DHM.

LEMMA 4.17 DHM (V;S) satisfies the following properties.
(1) DHM (DCHAIN (X);S) = LF (%;5).
(i) DHM (I;S) = S.
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(i) DHM (V1; DHM (¥o; S)) = DHM (V,¥4; S).
(iv) If DHM (¥;S) = G and ¥~! exists, S = DHM (U1, G).

(v) If a left inverse Ut of U exists, then DHM (T; S) = HM (¥1;3).

Notes

The main subjects of this chapter were the chain-scattering representa-
tion and the J-lossless system. It is not clear when the chain-scattering
representation was initially used, but certainly it has been used exten-
sively in various fields of engineering as a method of representing the
relationship between the power ports, as was shown in Example 4.2,
and/or the scattering properties of physical systems. Its advantage over
the usual input/output representation is so obvious at least in dealing
with feedback connection that it is strange that it has not been popular
in the control community so far. The use of the chain-scattering rep-
resentation in this book was influenced by the behavioral approach to
dynamical systems proposed by Willems [99][100] which made us aware of
the alternatives to represent dynamical systems beyond the input/output
representation. The papers by Green [35] and by Tsai and Tsai [96] used
almost the same framework as the chain-scattering representation. How-
ever, they avoided this representation because it requires the invertibility
of P,; which is not generally the case. We circumvent this difficulty by
introducing the augmentation of plants which is another salient feature
of the approach in this book. A concise treatment of the chain-scattering
representation is found in [61].

The dual chain-scattering representation introduced in Section 4.3 is
essentially new. The equivalence of the inverse and the dual is a new
observation made in this book. The reader can see the most fundamen-
tal representation of the duality in linear system theory. The notion
of chain-scattering representation actually generates operator theory in
Krein space which is a Hilbert space with indefinite metric [6][1]. It re-
quires the establishment of a system theory in the framework of Krein
space [5]. The notice of J-losslessness is actually the representation of
losslessness in the framework of Krein space. Extensive analysis of the
J-lossless system is found in [17][18]. The factorization of J-lossless sys-
tems stated in Lemma 4.9 was initially found by Potapov [79]. It is
important in reflecting the cascade structure of chain-scattering repre-
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sentations. The notation HM(©;S) introduced here was used in [57].
The properties of this transformation in the case of constant matrices
were extensively investigated by Siegel [90].

Recently, an extension of the chain-scattering representation to gen-
eral plants with noninvertible Dy, was obtained in [102][103], where the
plant (4.18) was written by a descriptor form

L 210 n ][] e

0 —I a9
a Cy D z Dy, 0 b
L 1 Dn + 12 2 | (4.92b)
by 0 I by 0 0 a9
This is actually a chain-scattering representation (4.3). Almost all the

results obtained in this chapter can be extended to the descriptor form
representation (4.92).

A B
Ca Dy

Problems
[1] For the matrices introduced in (4.22) and (4.41), prove the identi-
ties:
-D
DiDy=DyDy=| ° e
D21 0

B = BlDl. - EQDQ..
C = D.QCA’2 - D.lél.
Blél = .BAQOQ = 0

[2] Assume that a,b,c,d € R satisfies

det[“ b} —ad—be=1.
c d

o ([22]9

(h—h) > 0} onto itself.

Prove that

1
maps H = {h € C; Im(h) = %
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[3] Let
U 2{ 0 Im}
—I, O
and write
H= {Hecmxm;zij(H—H‘Tpo}.

Prove that G = HM (T; H) maps ‘H onto itself if T € C*™**™
satisfies B
TTUT = U.

[4] Assume that G has a left inverse GT; that is, GTG = I. Show that
HM (G;S) = DHM (GT;5)
for each S.

[5] Assume that the signal ay in Figure 4.2 is divided into two com-
ponents aj and aj as shown in Figure 4.13, and G is written

conformably as
G:[G11 Gia Gm]_
G Gao Ga
Show that

HM (G, [ Kl Kg ]) = [ G11K1 +G12 GllKQ +G13 :|
: [ G K1+ Go GauKi+ Gas ]—1 .
Show also that if Ky =0,

I 0
Q R

for any () and R with R being nonsingular.

HM (G

[ K 0])=HM(G;[K1 0])

Qi —b,
/

G =

b ——| I

Figure 4.13.



Problems 105

[6] Obtain the dual result of Problem [5].

[7] Assume that

Al B B
CHAIN(P)= | Cy|Du Diy
Ca | Dy Doy

Show that
A— ByDy'Cy | B:D3} By — ByDyy Dy,
P =| C,— D13D5;Cy | D13D5; Dyy — D13D53 Dy
—D3,' Cy D3, — D3y Dy

[8] Prove that if II(s) is J-lossless and unimodular, it is a constant
J-unitary matrix.

[9] Let L be a constant (m+r)x (p+¢) matrix satisfying LT Jp, L = Jp.
Show that

g — L L =07 | Tme 0y
0 —I,

for some U that satisfies UL = 0.

[10] Show that ©JO~ = J for each J-unitary ©.

[11] Obtain the dual representation of Problem [7].
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J-Lossless Conjugation and
Interpolation

5.1 J-Lossless Conjugation

In this section, we introduce the notion of J-lossless conjugation which
gives a powerful tool for computing (J, J')-lossless factorization. The
conjugation is a simple operation of replacing a part of the poles of a
transfer function by their “conjugates”, that is, the mirror images with
respect to the origin, by the multiplication of another transfer function.
For instance, if a transfer function

s+ 3

R S R

(5.1)
is multiplied by an all-pass function ©_(s) = (s — 2)/(s + 2) , then we

have
s+3 s—2 s+3

GG+1)(5—-2) s+2 (s+1)(s+2)

Here, the pole at s = 2 of (5.1) is replaced by its conjugate s = —2 by
the multiplication of ©_(s). On the other hand, the multiplication by
O4(s) = (s+1)/(s—1) yields

G(s)O_(s) =

s+3 s+l s+3
(s+1)(s—2) s—1 (s—1)(s—2)

G(5)04(s) =

The pole at s = —1 in (5.1) is replaced by its conjugate s = 1. These
are examples of conjugations. Since ©_(s) gives rise to a stable transfer
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function, it is called a stabilizing conjugation, whereas the O, (s) is called
an anti-stabilizing conjugation.

Im Im

AN

NE- AV \//— —\\/ A2 Re
X N\ N\ N N N
2 -1 0 2 -1 0 1 2
(a) Stabilizing Conjugation (b) Anti-stabilizing Conjugation

Figure 5.1 Illustration of J-Lossless Conjugations.

A special class of conjugations is important in H* control theory,
which is called a J-lossless conjugation, a conjugation by a J-lossless
matrix.

DEFINITION 5.1 A J-lossless matriz ©(s) is said to be a stabilizing
(anti-stabilizing)) J-lossless conjugator of G(s), if

(i) G(s)O(s) is stable (anti-stable),

(i1) deg(©(s)) is equal to the number of unstable (stable) poles of G(s),
multiplicity included.

The property (i) implies that all the unstable poles of G(s) must be
cancelled out by the zeros of ©(s). The property (ii) implies that the
degree of ©(s) is minimal for achieving (i). It rules out the cancellation
of zeros of G(s) by poles of O(s).

Let
A|B
C|D
be a state-space realization of G(s). Remember the notation (4.51); that

is,
Imr 1= In 0 .
0 -I,

The following result, which gives an existence condition for a J-
lossless conjugator, plays an important role in H* control theory.

G(S) = € RL(ogq+r)x(p+r) (52)
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THEOREM 5.2 G(s) giwen in (5.2) has a J-lossless stabilizing (anti-
stabilizing) conjugator ©(s) of G(s) iff the Riccati equation

XA+ATX - XBJBTX =0 (5.3)
has a solution X > 0 such that
A:=A-BJBTX (5.4)

is stable (anti-stable). In that case, a desired conjugator O(s) and the
conjugated system G(s)O(s) are given, respectively, by

A

_AT | XB A |B
O(s) = = D,, 5.5
)= \|\—7571 1 —JBTX | I (5:5)
A B
G<s>e<s>=[c_ E JBTX}D D. (5:5)

where D, is any constant J-unitary matriz.

Proof. We only deal with the stabilizing case. The anti-stabilizing case
can be treated analogously. We first assume that (A, B) is controllable.
Suppose that there exists a stabilizing J-lossless conjugator ©(s) with

realization
A. | B,
CC DC

From the concatenation rule (2.13), it follows that
A BC.|BD,
G(s)O(s)=| 0 A, | B. |- (5.7)
C DC.| DD,

O(s) =

We can find a similarity transformation of the A-matrix of (5.7) decom-
posing it into stable and anti-stable parts; that is,

‘A BC. || M- My | | M. M ||A 0 (58)
0 A, N_ N, | | N N, 0 A, |’ '

where A_ is stable and A, is anti-stable. Since (5.7) is stable, its anti-

stable part must be uncontrollable. This implies that
BD. | | M-
A

B 5.9
5 : (59)
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for some B;. The matrix M_ is nonsingular. Indeed, if &TM_ = 0 for
some &, €T B = 0 due to the first equation of (5.9). From (5.8), it follows
that

AM_ + BC,N_ = M_A_. (5.10)

Hence, ETAM_ = 0, which implies € AB = 0. Repeating this procedure,
we can show that £TA¥B = 0 for each k. Since (A, B) is controllable,
& = 0. This implies that M_ is invertible.

Let S := N_M-'. From (5.9) and (5.10), it follows that

B,= SBD,, A_=M-*(A+ BC.S)M_. (5.11)
Since © is J-lossless, Theorem 4.5 implies that

PA.+ATP+CTJC, =0, (5.12)
DrJjC.+BIP=0 (5.13)

for some P > 0. Due to (5.13) and (5.11), we have
C, = —J(B.D;Y)TP=—JBTSTP. (5.14)
Also, from the second relation of (5.8), it follows that
AsS = AN_M=' = N_A_M-' = S(A + BC.S)
= S(A- BJBTX), (5.15)
where X := STPS. Also, from (5.12), it follows that
STPA.S + STATPS + STCTJC,S = 0. (5.16)

Substitution of (5.14) and (5.15) in (5.16) yields (5.3). Due to (5.11),
A=A—-BJBTX = A+ BC,S = M_A_M~!. Therefore, A is stable.
Thus the first assertion has been proven.

From (5.11) and (5.14), it follows that

A |sB
~JBTSTP| I

Ac| B
C. | D

O =

c*

Due to (5.15), (sI — A,)"'S = S(sI — A)~L. It follows that

—-AT | XB
-JBT| I

A B
—JBTX | I

c
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which verifies (5.5). The second equality is due to X (sI — A)~! = (sI +

AT X,
From the concatenation rule, it follows that
A -BJBT| B
Ge=|0 -AT |XB |D..
C -DJBT| D

Taking the similarity transformation with

I o) ,a_[Io
-X I}’ X I
yields (5.6).

It remains to show that deg(©) is equal to the number of unstable
poles of G(s). To see this, we note that (5.3) implies

XA+ ATX =0. (5.17)

T =

Let £ be an eigenvector of A corresponding to a stable eigenvalue A; that
is, A€ = A¢. Then, from (5.17), it follows that £7X (A + A) = 0. Since
A is stable, we have €7X = 0. From the state-space form (5.5) of ©, we
conclude that A is an uncontrollable mode of ©. Thus the assertion has
been established.

Finally, we relax the controllability assumption. If (A, B) is not sta-
bilizable, A given in (5.4) cannot be stable. Hence we can assume (A, B)
is stabilizable. In that case, we can find a similarity transformation such
that (A, B) is represented as

An 0 0 B,
A= 0 Ap Ap |, B=| By |, (5.18)
0 0 As3 0

where A;; is anti-stable, Ay and A3z are stable and the pair

An 0 By
([ e ) (5.19)

B,
is controllable. If G(s) has a J-lossless conjugator, there exists a X>0
satisfying (5.3) for the pair (5.19). It is easy to see that X is of the form

0 0

b
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where X; > 0 satisfies (5.3) for (A1, By). It is now obvious that

X 00
X=]10 00
0 0O
gives a solution to (5.3) for (A, B). The proof is now complete. ]

Remark: The matrix X in Theorem 5.2 is written as

A —-BJBT
X = Ric ( ) .
_AT

Ezample 5.1
Let

1 «a

G(s) = s—2 STZ _ ’
0
s+1

where « is a real parameter. For J = J;;, the Riccati equation (5.3) is
given in this case by

— 2 _
X 2 0 n 2 0 XX l—«o a X =0
0 -1 0 -1 - -1

The stabilizing solution is given by

X = 6.0 , 6:= 1
00 1—0o?
A:[_2 0}.
ba —1

Therefore, G(s) has a stabilizing J; ;-lossless conjugator iff |a| < 1. In
that case, the conjugator (5.5) is given by

-2 0|6 b
0o 1lo o —-216 ba
O(s) = =|-1/1 0 |,
-1 0|1 O
a (0 1
a 1|0 1
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where we chose D, = I. The conjugated system is given by

2 01 a
ba =110 1
GO0 = T30 0
0 11/0 0

Since the conjugator © depends only on (A, B) as seen from the form
(5.5), © is sometimes called a J-lossless conjugator of (A, B).

All the zeros of the conjugator are supplied just for cancelling out the
poles of G(s) that are to be conjugated. It does not create any new zero.
This reflects the minimality of Definition 5.1. This property is stated in
a more precise way as follows.

LEMMA 5.3 If ©(s) is a J-lossless conjugator of G(s), each zero of
the conjugated system G(3)O(s) is a zero of G(s).

Proof. Let A be a zero of G(s)O(s) whose state-space realization is
given by (5.6). There exist nonzero vectors £ and 7 such that

(A— BJBTX — M) + BDaj = 0,
(C — DJBTX)¢ + DDy = 0.
Taking 7 := D.np — JBTX¢ yields
(A-A)¢+Bn=0, C{+Dn=0,

which implies that A is a zero of G(s). 1

Lemma 5.3 implies that each zero of a conjugator is to be cancelled
out by a pole of the system to be conjugated. Due to Lemma 4.7, we
have the following interesting property of the J-lossless conjugator.

LEMMA 5.4 Let A be a pole of G(s) to be conjugated by a J-lossless
congugator ©(s). Then ©(s) must have —\ as its pole.

We conclude this section stating the following two properties of the
Riccati equation (5.3).

LEMMA 5.5 If A has an eigenvalue on the jw-azis, then the Riccati
equation (5.3) has no stabilizing solution.
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Proof. Let jw be an eigenvalue of A with the eigenvector £ # 0 and
assume that Equation (5.3) has a solution X such that A in (5.4) is
stable. Since A¢ = jw¢ , Equation (5.3) implies that ETX (jwl+ A) = 0.
Since A is stable, X¢ = 0. Then, Af = Af = jw€, which contradicts the
assumption that A is stable. ]

LEMMA 5.6 If A is anti-stable (—A 1is stable) and the pair (A, B) has
a stabilizing J-lossless conjugator, the stabilizing solution X of (5.8) is
invertible.

Proof. Assume, contrary to the assertion, that the solution X of (5.3)
that stabilizes (5.4) has a nonempty kernel. Let £ € KerX. From (5.3),
it follows that X A¢ = 0. Hence, KerX is A-invariant. Therefore, there
exists an eigenvector & € KerX of A corresponding to an eigenvalue Ag;
that is, A& = Moo, X&o = 0. This implies that A{o = Ao&o; that is, Ag
is also an eigenvalue of A. But this is impossible because A is stable and
A is anti-stable. Thus KerX is void. I

5.2 Connections to Classical Interpolation
Problem

In this section, we discuss the relation between the J-lossless conjuga-
tion and the well-known Nevanlinna-Pick interpolation problem. The
Nevanlinna-Pick problem (NP problem, for short) is quite simple in its
formulation but it exhibits the deep structure of analytic functions and
played a fundamental role in the development of classical analysis and
operator theory. It is shown in this section that the J-lossless conjuga-
tion introduced in the preceding section solves the NP problem in the
state space.
Now we formulate the NP problem.

[Nevanlinna-Pick Interpolation Problem]

Let (o4, £1), (a2, B2), - - -, (0p, Bp) be a set of p pairs of complex numbers
such that
Re o; > 0, |ﬂ1| <1l, +=1,2.---,p

Find a function f(s) € BH® that satisfies the interpolation conditions

f(ai) = ﬁh 1= 1) 2: ce, D (520)
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The solution to the NP problem was initially given by Pick [78]:

THEOREM 5.7 The NP problem is solvable if and only if the matrix
P given by _ _
1-6p  1-0ifBp

a;+ o oy + dp
P=| .. (5.21)
ap+ @ o + @,

1s positive definite.

Pick [78] proved the necessity part of Theorem 5.7 based on the
Schwarz Lemma in classical analysis. Nevanlinna [77] proved the suf-
ficiency part by actually constructing a solution recursively. We show
that the NP problem is just a special case of J-lossless conjugation.

THEOREM 5.8 The NP problem is solvable iff the pair (A, B) given

by
@ 0 -+ 0 1 —B
Am| Q@ 0 g L h (5.22)
00 - a 1 -6,

has a stabilizing J-lossless conjugator © for
1 0
J= . 5.23
L (52

In that case,
f = HM (6;u)
solves the problem for any u € BH.

Proof. To prove the sufficiency, assume that © is a stabilizing J-lossless
conjugator of (A, B). From the definition,

(sI — A)™'BO(s) = H(s)

is stable. Multiplying both sides of this relation by s — a; and letting
s — q; yields

[ 1 -6 ]@(ai) =0,
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which implies
911(ai) = @021(04:'), 912(011') = ﬂi922(ai)-

Since f = HM (©;u) = (011u + 612)/ (621w + b22), we see that f satisfies
the interpolation conditions (5.20). Due to Theorem 4.15, f € BH™, for
each u. The proof of sufficiency is now complete.

We prove the necessity by induction with respect to the number of
interpolation constraints p. Assume that f(s) is a solution to the NP
problem. Let

o 1 Bi(s) pu
O4(s) : ——m BB\(s) 1 } , (5.24)
where s o

By(s) == pors 07;

Since Bj(s) is inner, that is, By (s)Bi(s) = 1, ©;(s) given by (5.24) is
J-lossless with J being given in (5.23). Direct manipulation yields

1 [1 —ﬂx}@ﬂﬂ==vqjmap[év:dl O]-

S — o

Thus, ©4(s) is a stabilizing J-lossless conjugator of

Gi(s) = ——[1 =4 |.

S —

The assertion has now been proven for p = 1.
Assume that the assertion holds for p — 1, and define

fi:=HM (877 f).

Since

1

V1= 18

f1(s) is explicitly given by

Or'(s) =

s— oy s—aoy

s+ax _54-07161
-6 1

_sta f(s)_— 51
s—op 1=01f(s)

fi(s)
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Since flay) = pi, the unstable pole at s = «; is cancelled. Since
|61f(s)] < 1 for Re[s] > 0, fi(s) is stable. Due to the identity

1= Buf ()1 = 1£(s) = Aol + (1 = |Bu]*) - (1 = |£(s)PP),

we see that

(1= 1821~ | G)P)
A

1- lfl(jw)lz =

Therefore, fi € BHo. From the interpolation condition (5.20), it follows
that

8= atar Bi "_51
Yoo 1-Bi6

Since the assertion holds for p — 1, we have a stabilizing J-lossless con-
jugator ©'(s) for (A’, B') given by

0 [0% PPN 0 1 A
A= 7 T B= b | (5.26)
0 0 - q 1 -6,

due to the solvability of the interpolation problem (5.25). Direct manip-
ulations yield

[1 ——ﬁi]@1(s)=[ - 0]+ ! -B ], (5.27)

s+ ag s — o

o 1-518; o+
v = . —,
\/1—|ﬂ1|2 a’i+a1
= 1— 355 -
v \/1—151|2 o +a;
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Thus,
1
I— A)-1B6 :N[ 0] M(sI — AY-1B’
(s ) 1(s) a0 + M(s )-
0 O 0
e 0 - 0
T
N:[Vl Vg v+ V,,],M= 0 us 0
00 gy |

Since (sI — A’)"!B’©'(s) is stable from the definition of ©’(s), we see
that (sI — A)"1BO,(s)©'(s) is stable. Thus, we have proven that

O(s) := 01(s)O'(s)
is a stabilizing J-lossless conjugator of (A, B) given by (5.22). 1

Since A given in (5.22) is anti-stable, Lemma 5.6 implies that the
solution X of the Riccati equation (5.3) for (A, B) given in (5.22) has
the inverse P = X! which satisfies a Lyapunov type equation

AP + PA* = BJB". (5.28)

Here AT and BT are replaced by their Hermitian conjugate A* and B* in
(5.3). It is straightforward to see that the solution P of Equation (5.28)
is identical to the Pick matrix (5.21). Therefore, Theorem 5.8 is another
expression of the classical result Theorem 5.7.

5.3 Sequential Structure of J-Lossless
Conjugation

In the proof of the necessity part of Theorem 5.8, we introduced in (5.24)

a J-lossless matrix
Bi(s) B
_ . 5.29
GiBi(s) 1 (5.29)

1

V1= 6]

In the state space, it is represented as

@1(3) =

—071|$1 —z161
Ou(s)=| -1]1 0 [|Ry, (5.30)
-4 |0 1
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where
2y = 131_77‘312 (5.31)
1 1 B
R = —— | _ . 5.32
1 /1 _ |Bl|2 [ ﬂl 1 ‘ ( )

Obviously, z; is a solution to the Riccati equation (5.3) for the pair
(a1,[1 —p]). Therefore, ©;(s) is of the form (5.5) for the pair (o, [1 —
B1]) with D, being given by Ry in (5.32). Thus, ©4(s) is a stabilizing J-
lossless conjugator of (aj,[1 —f1]). Asis seen in (5.27), the conjugation
by ©:(s) gives rise to another interpolation problem given by (A’, B') in
(5.26) which has p — 1 interpolation constraints compared with the p
constraints in the original interpolation problem. Next, we can find a
stabilizing J-lossless conjugator Oq(s) for (agp,[1 — B5]) that gives rise
to a new interpolation problem having p — 2 interpolation constraints.
In this way, we can reduce the number of interpolation constraints one
by one and finally reach the stage where all the interpolation constraints
are exhausted. At this stage, we can choose an arbitrary function in
BH®™ to complete the parameterization of the set of solutions of the
NP problem. This is the algorithm established by Nevanlinna, which
is actually equivalent to computing the Cholesky decomposition of the
Pick matrix.

A block diagram of ©,(s) is shown in Figure 5.2 which represents the
celebrated lattice form [18]. It is known that every J; i-lossless system
of degree 1 is always of the form (5.29).

a 1 S_q b2

fi-1p?

S+&|

1
b Ji-1B 7 a-

Figure 5.2 Lattice Realization of ©(s) in (5.29).

Now we show that the aforementioned sequential structure that was
extensively investigated by Potapov [79] is intrinsic to the J-lossless con-
jugation. We confine ourselves to the case where G(s) is anti-stable; that
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is, —A is stable. Now assume that G(s) in (5.2) is of the form

An 0 | B
G(s)=| An An|B |. (5.33)
¢, C|D

Assume that there exists a stabilizing J-lossless conjugator of G(s).
Then, due to Lemma 5.6, there exists a matrix P > 0 that solves the
Lyapunov equation (5.28) represented in this case as

An O P Py Py Py AT, A
_ By T T
= 5 J| B BI]. (5.34)

Therefore, we have
AP+ P11Ari’11 = B1JB;‘F.

Since — A7, is stable, A;; — ByJBT P! = —P,; AT, P! is stable. Hence
(A11, By) has a stabilizing J-lossless conjugator given by

—Af} | Pi'B

6 =
)=\ e

D, (5.35)

where D,., is an arbitrary constant J-lossless matrix. Straightforward
manipulations yield

Ay, 0 -BJBT| B

Ay Ayp —-B,JBT| B,
0 0 -AL |Pi'B
C, C, -DJBf| D

G(5)01(s) =

c1e

The similarity transformation with the matrix

I O —P11 I 0 Pll
T=|01 -PL |, T7'=|0 I P%
00 I 00 I
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and cancelling out the uncontrollable portion yield

AL 0 Pi'B;
G(S)@l(S) = O A22 B2 — Plgpl_llBl Dcl;
& G D

where R
Cl = 01P11 + CQPIE - DJB:IF

Now we conjugate the remaining unstable portion

Ay | By — PTP:'B
Gs ::{ n | B — PhP'By D,, (5.36)

Cy | D

of G(s)O(s). From Equation (5.34), we can show that the Schur com-
plement A
P3=P22—-P£P1_11P12

of P satisfies
AgpP + PAL = (B, — PLP'B,)J(BT — BT P Py),

which corresponds to (5.28) for G5 in (5.36). This implies that G(s) has
a stabilizing J-lossless conjugator given by

~ AL P~Y(B, - PLP:'B
62 = s 22 l ( 2 12+ 11 1) DCQ‘ (537)
J(BI PPy — BY) | I
Now the concatenated system is calculated to be
—-A% U |Pi'B;
01(5)O,(s) = 0 -—AZ | P'B |, (5.38)

—JBY —JBT| I
where X
U= -PﬁlBlJBT,
E - 32 - P1€P1_11B17
and we take D,y = D, = I. Taking the similarity transformation of
(5.38) with the transformation matrix

T—l — I P1_11P12
’ 0 I

I —P3'P,
0 I

T =
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and using the identity

Py Py | | (U+P'PuP'PL)PLY —PRlPpP!
PL Py, —P'PL P! p1 ’
we can see that
~A” | P'B
©1(5)O5(s) =
1(5)92(s) —JBT| 7

The system on the right-hand side is identical to the stabilizing J-
lossless conjugator of G(s) given in Theorem 5.2. Thus, we have shown
that the stabilizing J-lossless conjugator ©(s) of G(s) given in (5.33) is
factored into the product of two J-lossless conjugators ©,(s) of (5.35)
and O4(s) of (5.37), each of which conjugates a portion of G(s) according
to the polar decomposition of the A-matrix of G(s) in the state-space
form (5.33). This result is easily generalized as follows.

THEOREM 5.9 Let G(s) be an anti-stable system whose state-space
realization is given by

- -

An 0 - 0 B
An Ap -+ 0 | B
G(s) = 3 . :
Ami Ame - Apm | B
¢ G - Cm | D |

If G(s) has a stabilizing J-lossless conjugator ©(s), then it can be repre-
sented as a product of m J-lossless systems

O(s) = ©1(5)O2(s) - - - Op(s), (5.39)
such that a state-space form of ©;(s) has —AL as its A-matriz.
If A; in the polar decomposition G(s) is scalar, we can realize its

conjugator as cascade connections of the lattice form of Figure 5.2 as in
Figure 5.3.



5.3. Sequential Structure of J-Lossless Conjugation 123

e e e

Figure 5.3 Cascade Realization of J-Lossless Conjugator.

Ezxample 5.2
Let us conjugate sequentially the pair (A, B) given by

10 1 1/2
([0 2 |’ [1 1/3})' (5.40)

First, conjugate the pair (A1, B1) = (1,[ 1 1/2]). The solution to the
Riccati equation (5.28) in this case is given by

3
Py = 3
and the conjugator is given by
~1|8/3 4/3
©i(s)=| -1 1 0 |D,. (5.41)
/21 0 1

The conjugated system is calculated to be

[1 0 =3/4] 1 1/2]
02 -5/6| 1 1/3

(sI —A)"'BO:(s)=|0 0 -1 |8/3 4/3 | D,,.
10 0 |0 O
(01 0 |0 0 |

Taking the similarity transformation with

1 0 -3/8 1 0 3/8
T=|01 -5/18|, T"'=|0 1 5/18 |,
00 1 00 1
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and omitting the uncontrollable portion, we obtain

~1 0| 8/3 4/3
0 2(7/2r —-1/27
(sI — A)"'BO,(s) = / / e -
3/8 0] 0 0
518 1] 0 0

Now the remaining portion (2, 7/27 —1/27 ]) is to be conjugated. The
corresponding Riccati equation is solved to be

5 4
Xog = — 42
2= (5.42
and the J-lossless conjugator is given by
~2 |63/4 -9/4
Oy(s)=| -7/27| 1 0 | D, (5.43)
127 0 1
Now the concatenation of ©1(s) and O,(s) yields
—1 —20/27]| 8/3 4/3
0 -2 |63/4 —9/4
01(8)0,(s) = , 5.44
1(8)8a(s) = |5 721 1 0 (5.44)
12 -1/271| 0 1

where we took D, = D., = I for brevity. On the other hand, the
Ji1-lossless conjugator of the original system (5.40) is calculated to be

1 0 P_1[1 1/2]
O(s) = _01 :21 1 ! 133 , (5.45)
1/2 1/3 I 0 1

where P is the solution to

10 10| |1 1/2 1 1
02| |1 1/3|]|-1/2 —-1/3}|"

0 2

P+ P
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Actually, P and P! are given, respectively, by

3/8 5/18 | 36 —45
5/18 2/9 ] = [—45 243/4]’ (5.46)

which are positive definite. Taking the similarity transformation with

12027 | [1 20/27}

0 1

T =
0 1

to (5.44), we easily see that the product ©(s)O(s) is identical to O(s)
in (5.45). Also, note that Py, given in (5.42) is identical to the Schur
complement of P given in (5.46). Taking D,, in (5.41) as in (5.30) and
(5.32) where z; = 8/3 and ; = —1/2, we can construct a lattice realiza-
tion of ©;(s) as in Figure 5.2. Also, ©y(s) given in (5.43) is represented
as

—2 'IE2 )

@2(8) = -1 1 0 RQ,
—B2| 0 1
R — 1 e ,
\/1 - |,62]2 ﬁ? 1

where zy = 49/12, §, = 1/7, and D., = R,. Hence, we can obtain the
lattice realization of ©(s). Figure 5.4 shows a lattice realization of the
J-lossless conjugator of (5.40).

’, 2//3 II o ]' B(s) ,'; l|7/4J§,l C
[vz] [12] EE@ [v7]
O ll 2/3 I[ ' O || 7/4/3 I|

Ous) Ous)

Figure 5.4 Cascade Lattice Realization of ©(s).
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Notes

The subject of this chapter was J-lossless conjugation. In the earlier
version of J-lossless conjugation which was initially proposed in [54], the
characterization was given in terms of X ! in Equation (5.3) rather than
X. The general case stated in Theorem 5.2 was obtained recently in [59].
The relationship between the J-lossless conjugation and the classical in-
terpolation was extensively investigated in [55]. There, it was shown that
the J-lossless conjugation is nothing but a state-space representation of
the Nevanlinna-Pick interpolation theory [56]. The discrete-time version
is found in [64]. Its relation to lattice realization which was an impor-
tant research field in digital signal processing [51][80] was also discussed
in [56]. The J-lossless conjugation is also regarded as a state-space rep-
resentation of the cascade synthesis of passive electrical circuits [38][104]
which dates back to Darlington Synthesis [13]. This was initially pointed
out in [20]. Further elaboration of this subject will be the subject of fu-
ture work.

Problems

[1] Show that stabilizing J-lossless conjugators are stable.

[2] Prove that an anti-stabilizing J-lossless conjugator for (A, B) ex-

ists, iff

[3] Show that, for an arbitrary a; € C* and 8; € D, there exists a
f € BH, such that

—-A BJBT

X=Rz'c< AT

exists.

flea) = P (5.47)

[4] Show that, if (A4, B) has a stabilizing J-lossless conjugator, so does
“ the (TAT !, TB) for each nonsingular 7.

[5] Prove that there exists a function f € BH®™ that is real and satis-
fies (5.47) iff the pair

(R RIEH)
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has a stabilizing J-lossless conjugator, where a; = ¢ + jw and
ﬁl =&+ ]6

[6] Show that for any real § satisfying —1 < 3 < 1, there exists a real
function f(s) such that |f(s)| < 1 for each Re[s] > 0 and

flo+jw)=p6, >0, w#0.
[7] Assume that BJBT < 0. Prove that (A4, B) has a stabilizing J-
lossless conjugator only if A is stable.

[8] Let f(s) € BH be a real function and f(a + j8) = re/® with
a >0, 0 <r < 1. Show that

6% 2r%(1 — cos26)

o? (1—r2)2



Chapter 6

J-Lossless Factorizations

6.1 (J,J')-Lossless Factorization
and Its Dual

Assume that G is a stable and invertible transfer function. If G~! has a
stabilizing J-lossless conjugator ©, then

H:=G"'0 (6.1)

is stable. Due to Lemma 5.3, the zeros of H coincide with those of G~!
which are stable from the assumption that G is stable. Hence, H™! is
also stable. Writing the relation (6.1) as

G=0H",

we see that G is represented as the product of a J-lossless matrix ©
and a unimodular matrix H~!. This is a factorization of G which is of
fundamental importance in H* control theory.

Now we define this factorization in a slightly more general form.

DEFINITION 6.1 Let G be a rational matrix with m + r rows and
p+ 1 columns. If G is represented as the product of a (Jms, Jpr)-lossless
matriz © and a unimodular matriz I1 (i.e., both II and 17! are stable),

G =ell, (6.2)

then G is said to have a (Jpr, Jpr)-lossless factorization, or simply (J, J')-
lossless factorization when the sizes of signature matrices are clear from
the context, or irrelevant.
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The factorization (6.2) is a generalization of well-known inner-outer
factorization which corresponds to the case where J,, is degenerated
to the identity matrix (r = 0). It should be noted that G in (6.2)
can be unstable, whereas the inner-outer factorization is only for stable
matrices. Also, the factorization (6.2) includes the well-known spectral
factorization of a positive matrix. To see this, let

(s) = G7(s)Ga(s) — G (s)Ga(s),

where G; € HY,, and G, € HY, .. It is easily seen that

mxXr®

[(jw) >0 Vw (6.3)

G(s) := [ Gals) ]

Gl(S)

has a (Jmr, Jor)-lossless factorization, where Jo, is identified with —1I,.
Indeed, if G(s) = O(s)II(s) where O(s) is (Jmy, —I;)-lossless and II(s) is
unimodular, then ©~(8)J,,,©(s) = —I,. Hence

G™(s)JG(s) = G3(5)Ga(s) — GT(5)Gi(s) = —II7(s)IL(s),

which implies (6.3). Moreover, the unimodular factor II(s) gives a spec-
tral factor of a positive matrix I'(s). Thus, the (J, J')-lossless factoriza-
tion includes the two important factorizations in linear system theory,
namely, inner-outer factorization and spectral factorization as special
cases.

The factorization (6.2), if it exists, is unique up to the constant J'-
unitary matrix. Indeed, if

G = 0,11 = O,ll,
are two (J, J')-lossless factorizations of G, then we have

7y J', =105 J',.
In other words, II;1I;! is J'-unitary. Since II;II;* is unimodular, it
is constant; that is, II; = NII, for a constant J'-unitary matrix N.

See Problem 4.8. Hence, ©; = ©,N~!. Thus, the assertion has been
established.
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Since ©~JO = J', the relation (6.2) implies
G~JG =~ JL (6.4)

This representation is usually called a J-spectral factorization [36]. From
this relation, it follows that © = GII™! is (J, J')-unitary. However, it is
not (J, J')-lossless in general. In order to guarantee that © = GII! is
(J, J')-lossless, we need some additional condition on II.

A dual of (J, J')-lossless factorization is defined for a matrix G with
m + g rows and m + r columns. If GG is represented as the product of a
unimodular matrix Q and a dual (J, J')-lossless matrix ¥, that is,

G =Qv, (6.5)

G is said to have a dual (J, J')-lossless factorization.

Ezample 6.1
Let G be given by
§—2 s—2
]l s+2 s+2
G= . s1+3 | (6.6)
s—1

It is obvious that G has a J;-lossless factorization (6.2) with factors
given by

s—2
0 1 -1
| s+2 _
s—1 s+1

It was proven in Example 4.4 that © is J; ;-lossless. Since

1 s+1

H_1: S+3
0 s+1 1|’

s+3

IT is unimodular. Therefore, G in (6.6) has a J; ;-lossless factorization
with factors given in (6.7).

If g =r, ¥ in (6.5) is dual J-lossless. Therefore, the relation (6.5)
implies

Gl=01Q7 = JuJal, (6.8)
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Since ¥~ is J-lossless due to Lemma 4.12, JU~J is J-lossless. Therefore,
the relation (6.8) represents a J-lossless factorization of G=!. Thus, we
have shown the following result:

LEMMA 6.2 Assume that G is a square invertible matriz. G has a
dual J-lossless factorization iff G=! has a J-lossless factorization.

From the relation (6.5) and YJ¥~ = J’, we have
GJIG~ =QJ'Q~, (6.9)

which is dual to (6.4). This relation can be said to be a dual (J, J')-
spectral factorization.

6.2 (J,J')-Lossless Factorization by
J-Lossless Conjugation

In this section, it is shown that a (J, J')-lossless factorization is easily
carried out by J-lossless conjugation.

We first consider the stable case. Assume that G is stable and has a
(Jmr, Jpr)-lossless factorization

G = ©lII,

where © is (Jpy, Jpr)-lossless and II is unimodular. Let ©; be a comple-
ment of © (see the sentence following Lemma 4.7 in Section 4.4.) and
let G := ©;I1; where II; is a unimodular matrix. Now we have

II; O
0 m|’
Since [ ©; O] is Jp,-lossless, [ G; G| is invertible. This relation is
written as
-1 ot o
(o ) (e 0]=| T ]

Since both II™! and II7' are stable, [ ©; © ] must be a J-lossless stabi-
lizing conjugator of [ G; G ]7'. Writing

(6 c]=[er o]

GL
Gt

-1

(¢ ¢] = , (6.10)

we have G+© = 0. We now have the following result.
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THEOREM 6.3 Let G(s) be a stable proper rational (m+1) X (p+7)
matriz with m > p. It has a (Jmr, Jpr)-lossless factorization iff there
exists a Gy such that

A

G=[G G]

1s square and invertible and

A Gt
-1 _

has a stabilizing Jy,--lossless conjugator ©y for which
G+6yD. =0 (6.11)

for some constant (Jpr, Jpr)-unitary matriz D.. In that case, factors in
(6.2) are given by

0 =0,D,, I =(G'e)™" (6.12)
Proof. Necessity has already been proven. To show the sufficiency, we
write
-1 G+ 0
(6, 6] o= { ot }@oDcz -1 (6.13)

Since O, is a stabilizing conjugator of [ G; G |™*, II"! is stable. Since
G is stable from the assumption, G' has no unstable zeros. Since the
J-lossless conjugation does not create new zeros due to Lemma 5.3, the
zeros of GTO are the zeros of G'. Hence II is stable. Thus, II given in
(6.12) is unimodular. From (6.11), GII"! = GG'© = (I - G;G+)O© = 6.
We see that © is a (J, J')-lossless factor of G. 1

Now we consider the (J, J')-lossless factorization for general unstable
systems. It can be shown that the general case can be reduced to the
stable case.

Assume that G has a factorization (6.2). According to Lemma 4.9,
© is represented as a product © = ©,0_ where ©, is an anti-stable
Jmr-lossless matrix and O_ is a stable (Jp,, Jp,)-lossless matrix. From
the relation

G =06,0_I], (6.14)
and ©3J0O, = J, we have

G~JO, =TI"OJ. (6.15)
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Since the right-hand side of (6.15) is anti-stable, ©, must be an anti-
stabilizing J-lossless conjugator of G~J. From (6.14), it follows that

JOTJG = 6_IL (6.16)

This implies that JO7JG which is stable has a (J, J')-lossless factoriza-
tion. The above reasoning is summed up as follows.

THEOREM 6.4 A matriz with (m +r) rows and (p + ) columns has
a (Jor, Jpr)-lossless factorization iff there exists an anti-stabilizing Jp,-
lossless conjugator ©4 of G~ Jpmy such that a stable matriz JOT Jp,, G has
a (Jimr, Jpr)-lossless factorization. In that case, the factors are given by
O = ©0,06_ and Il where ©_ and II are the factors of the factorization
for Jnr©3 I G given in (6.16).

Proof.The necessity has already been proven in the preceding argument.
The sufficiency is obvious from (6.16) and the identity ©,JO0F = J. 1

Theorem 6.4 enables us to describe a procedure of (J, J’)-lossless
factorization as the following steps.

Step 1. Find an anti-stabilizing J-lossless conjugator ©.(s) of G™(s)J.
Step 2. Obtain a (J, J')-lossless factorization of a stable system

J(G~JOL)” =JO7JG =06_1I
as in (6.16). The factors are given by © = ©,0_ and II.

Since all the zeros and poles of I are stable in the representation
(6.2), all the unstable zeros and the poles of G must be absorbed in
©. If X is an unstable pole of G(s), —\ is a stable pole of G™(s)J that
is to be conjugated by ©,(s). Due to Lemma 5.3, ©,(s) has A as its
pole. Thus, Step 1 is the process of embedding unstable poles of G(s)
in ©(s) as the poles of its anti-stable portion ©,(s). In Step 2, since
JO7TJG is stable and its unstable zeros are those of G, its (J, J')-lossless
factorization represents the procedure of embedding the unstable zeros
of G(s) in O(s) as the zeros of its stable portion ©_(s). In this respect,
we call Step 1 a pole extraction, and Step 2 a zero extraction.

Ezample 6.2
Consider the system G in Example 6.1. Step 1 is to find an anti-
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stabilizing J-lossless conjugator of

s+2 0
~ _ s—2
G™(s)J = _s+2 s-—3

s—2 s+1

Since s = —1 is the only stable pole of G~ (s)J, we have

1 0
O4(s) = o st+1
s—1

as its anti-stabilizing J-lossless conjugator.
Step 2 is to find a J-lossless factorization for a stable system

s—2 _3—2
~ + 2 + 2
JO7 (s)JG(s) = 5 . ss+ 3
s+1
It is obvious that the factors
s—2
=20 1 -1
O(s)=| T2 |, I(s) = ) s+3
0 1 s+1

give a factorization (6.16). Obviously,
O(s) = ©4(5)0-(s)

s—2
1 0 s+ 2
s+1

0 s—1 0 1

0

gives a factorization of ©(s) into the part extracting poles and that
extracting zeros.

6.3 (J,J')-Lossless Factorization
in State Space

In this section, the state-space theory of (J, J')-lossless factorization is
developed based on the results obtained in the preceding section.
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A|B
c|D

be a state-space realization of a transfer function G(s). The numbers of
inputs and outputs are m+r and p+r, respectively, which are represented
through the size of the D-matrix in (6.17); that is,

Let

G(s) = (6.17)

De R(m+r)><(p+7‘)'

If G(s) has a factorization (6.2), G(s) is left invertible. Hence, D is of
full column rank. Letting s — oo in (6.4) yields

DTJD = ETJ'E, (6.18)

where E = II(00) is nonsingular and we write

m j
Jmdpe | O g = 0
0 —I, 0 —I,

Hence, the existence of F satisfying (6.18) is a necessary condition for
(J, J')-lossless factorization.

We first consider the stable case. Based on Theorem 6.3, we can
derive a state-space characterization of (J, J')-lossless factorization.

THEOREM 6.5 Assume that G(s) is stable and its minimal realization
is given by (6.17) with D € R™X®+1) " G(s) has a (J, J')-lossless
factorization iff there exist a nonsingular matriz E satisfying (6.18) and
a solution X > 0 of an algebraic Riccati equation

XA+ ATX — (CTJD + XB)(DTJD)Y(DTJC + BTX)

+CTJC =0 (6.19)
such that X
A=A+ BF (6.20)
is stable, where
F .= —(D"JD)"Y(DTJC + BT X). (6.21)
In that case, the factors (6.2) are given, respectively, by
A+ BF | B A|-B
o(s) = |25 EY, T(s)=E . (6.22)
C+DF|D F| I

where E is a nonsingular matriz satisfying (6.18).
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Proof. The sufficiency is almost obvious by observing that the identity
(6.2) holds for the factors (6.22) and

A+BF | B
F I

(s)™ = E!

is stable.
The proof of necessity is carried out following the scenario due to

Theorem 6.3. First, we augment G as
A|B; B
C|\D, D

where D; is chosen such that D := [ D; D ] is invertible. Let

Dt| B
Dt | 7

G=[G G]= , (6.23)

B:z[Bl B],

It is clear that D*D = 0, D'D = I. From the inversion law (2.15), it
follows that

GJ_
Gt

A

Gt=

We compute the J-lossless conjugator ©g of G~!. Due to Theorem 5.2,
G~! has a J-lossless conjugator iff there exists a solution X > 0 of a
Riccati equation

X(A-BD™'C)+(A-BD'C)'X —XBD'JDTBTX =0, (6.24)

such that X o o
A:=A-BDY(C+JDTBTX) (6.25)

is stable. In that case, the J-lossless conjugator and the conjugated
system are given, respectively, by

o>

Gs) | (5) A | BD
| =D NC+JIDTE™X)| D
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Now we find an augmentation (B, D) in (6.23) and a constant
(J, J')-unitary matrix D, such that

~

A | BD!
—-DY(C+JDTBTX)| D*
From D+D, =0 and D, is (J, J')-unitary, we take D, = DE~! where E
satisfies (6.18). Hence BD™'D, = (B;D* + BD')DE™' = BE™". Since
(A, B) is controllable from the assumption, (A, BE™') is controllable.
The condition (6.26) holds iff

DHC + JDTBTX) =0. (6.27)

The problem is to find an augmentation satisfying (6.27). The relation
(6.27) implies that

G*+(5)0(s)D, = D,=0. (6.26)

C+JDTBTX = —-DF (6.28)
for some F. Premultiplication of both sides of (6.28) by DTJ verifies

that F' is given by (6.21).
Now Equation (6.24) is rewritten as

XA+ ATX — (CT + XBD™'J)J(C + JDTBTX) + CTJC = 0.
Substituting (6.28) in this identity yields
XA+ ATX - FTDTJDF + CTJC =0,

which is identical to (6.19). Thus, we have seen that X must satisfy
the Riccati equation (6.19) which is independent of the augmentation
(By, D). It is easy to see that A in (6.25) is given by (6.20) due to
(6.28). ]

Remark: It is worth noting that any augmentation (Bj, D;) such that
DfJ(C+ DF)=BTX
satisfies (6.27).

Ezample 6.3
Let us compute a J; -lossless factorization of
s—2 s—2 ‘02 01 "02 f
Gls) = | $ + 2 s+2 | _ —
(#) o 3 +fi 2 0|1 -1
st 0o 2|0 1
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1
X = 0 >0
00
is a stabilizing solution of (6.19) for this case with
O
A= 0 .
0 -3

Hence, due to Theorem 6.5, G(s) has a Jj ;-lossless factorization. The
factors in (6.22) are calculated to be

It can be seen that

-21-2 0 s—2 0‘
Os)=| 2|1 0f|=|s+2 ,

. 0 1| | 0 1]

(10 1] (1 -1 ]
I(s)=| 0|1 -1]|= 0 5+3

| 210 1] L~ s+1]

Now we move on to the general case where G is unstable. In this case,
the factorization is more complicated and we have to solve two Riccati
equations, instead of one for stable cases.

THEOREM 6.6 Let (6.17) be a minimal realization of G with D €
RO*x@+7) | It has a (Jpy, Jpr)-lossless factorization iff

(i) there exists a nonsingular matriz E satisfying (6.18),

(i) there exists a solution X > 0 of the algebraic Riccati equation
(6.19) such that A in (6.20) is stable,

(iii) there exists a solution X > 0 of the algebraic Riccati equation
XAT + AX + XCTJCX =0 (6.29)

such that .
A=A+ XC"JC (6.30)

1s stable, and



140 Chapter 6. J-Lossless Factorizations

() )
o(XX) <1 (6.31)

In that case, the factors are given, respectively, by

_AT 0 1 -x1"[crip
O(s) = 0 A+BF -X I B E!
~CX C+DF | D
(6.32)
(s = & | A+ XCTIC | —(B+XCTJD) ] (6.33)
F(I-XX)1| I

where E is a matriz satisfying (6.18), and F is given by (6.21).

Proof.  The proof follows faithfully the procedure described in the
preceding section.

The first step is to obtain an anti-stabilizing J-lossless conjugator
©,(s) of a system G~(s)J whose state-space realization is given by

G~(s)J = (6.34)

-BT | DTJ

—AT | CTJ }

Due to Theorem 5.2, an anti-stabilizing J-lossless conjugator of (6.34)
exists iff there exists a solution X > 0 of the algebraic Riccati equation

—XAT - AX - XCTJCX =0

such that —AT — CTJCX is anti-stable. This proves the necessity of
(ii).

According to (5.5), a desired anti-stabilizing J-lossless conjugator ©
is given by

0,(s) = [ __g)_( CI‘] } : (6.35)

The conjugated system is given by

~AT | -7y
BT +DTJCX | DTJ

G™(s)JO4(s) =
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Hence, we have

JO7 (s)JG(s) = (6.36)

A|B+XCTiD
| D '
Now we compute a (J, J')-lossless factorization of (6.36) based on Theo-

rem 6.5. A (J, J')-lossless factorization of (6.36) exists iff there exists a
solution Z > 0 of the algebraic Riccati equation

ZA+ATZ — (CTJD + Z(B + XCTJD))(DTJD)™*
(DTJC + (B+ XCTJD)'Z)+CTJC =0 (6.37)

such that A + (B + XCTJD)F is stable where

F:=—(DTJD)"Y(DYJC + (B + XCTJD)TZ) (6.38)
is stable. From (6.29) and (6.30), it follows that
ZA+ATZ+CTIC =
ZAI+XZ2)+(I+ZX)ATZ+ (I +ZX)CTIC(I + X Z).
Therefore, premultiplication by (I + ZX)~! and postmultiplication by

(I +XZ)7! of (6.37) using this relation yield

XA+ ATX — (CTJD + XB)(DTJD) (DT JC + BT X)
+CTJC =0 (6.39)

where we take X = (I + ZX)™'Z, or equivalently,
Z=X(I-XX)"'=(-XX)X. (6.40)

Now, from (6.38) and (6.40), it follows that

F=—(DTJD)"Y(DTJC(I+ XZ)+ BYZ)
=FI-XX),
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where F is given by (6.21). Also, from (6.29), (6.30), and (6.39), it
follows that

AI-XX)=A+X(CTJC + ATX)
=A-X((C"JD + XB)F + X A)
= (I - XX)(A+ BF) - (B+ XC"JD)F. (6.41)

Therefore, we have

(A+ (B+XCTID)F)(I - XX)= (I - XX)(A+ BF).
Since A + (B + XCTJD)F is stable, so is

A+ BF =(I-XX)"{(A+ (B+XCTJD)F)(I - XX).

Thus, we have established the necessity of (ii).

The necessity of the condition (iv) follows from (6.40) and Z > 0.

To prove the sufficiency, we can check the validity of the representa-
tion (6.2) by direct computations. The following two lemmas, which are
interesting in their own lights, give the proof of the sufficiency.

LEMMA 6.7 Let ©(s) in (6.32) be represented as

Ay | B
Co | Do
that is,

A4 [—(A+X'CTJC)T 0 ]
o 0 A+ BF]’
B '_[ I —X]"l [CTJD,,]
(A S S| BE™' |’
Cy:=[-CX C+DF]|, Dy:=DE™"

If X and X satisfying (ii) ~ (iv) in Theorem 6.5 exist, then

A R A 3 I

satisfies the equations

PAyg+ AYP+CJJCy=0, BIP+ DIJCs=0. (6.43)
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Proof. The Riccati equations (6.19) and (6.29) can be written, respec-
tively, as

X(A+ BF)+ (A+BF)TX + (C+ DF)TJ(C + DF) =0,
XAT + AX — XCTJCX =0,

where F is given by (6.21). Using the preceding equations, we can show
the identities (6.43). |

The preceding lemma implies that © given in (6.32) is (J, J')-lossless
according to Theorem 4.5. We have used the identity (6.41), which can
be written as

A+ (B+ XCTJD)F(I-XX)™!
=(I-XX)(A+BF)(I-XX)™". (6.44)

This relation implies the following lemma which is proven by direct ma-
nipulations.

LEMMA 6.8 II(s) given by (6.33) has the inverse

A+ BF | (I - XX)"Y(B+ XC"JD) o

m! =
F | I

(6.45)

This lemma shows that IT is unimodular because A + BF' is stable.

(Proof of the Sufficiency of Theorem 6.6)

Now we check that the relation (6.2) actually holds. From (6.17), (6.45),
and the concatenation rule (2.13), we have

A BF B
GII''=|0 A+BF|(I-XX)"(B+XCTJD)|E™!
|c  DF | D
[ A 0 —-X(I-XX)"Y(XB+CTJD)
=|0 A+BF| (I-XX)"Y(B+XCTJD) |E™.

|C C+DF| D
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Since AX = —AT X from (6.29), we have
C(sI — A)7'X = CX(sI + A7),

Also, from the identity

[ I —X]‘l B [(I—X)‘()—1 0 ] [I X]

-X I B 0 (I-XX)'] X 1)

we see that GII™! is identical to © as given in (6.32). ]
Example 6.4

Consider again the system G in Example 6.1 whose state-space realiza-
tion is given by

2 0|-2 2
0 1|0 2 Al B

G(s) = = |
2 0|1 -1 C|D
0 2/0 1

Noting that CTJD = —B in this case, we easily see that

.

is the stabilizing solution to the Riccati equation (6.19). Also, it is easy

to see that
0 0
0 1/2

is the stabilizing solution to the Riccati equation (6.29). The inequality
(6.31) is obviously satisfied. We have

-2 0

0o -3\’

A=A+XCTJC = [_02 0 ]

A=A+ BF =

-1
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The J-lossless factor (6.32) is calculated to be

145

[ 20 0 0 1010 2 271

010 0 0100 0 -2

00-20 0 010 -2 2 11
O(s) = :

00 0 -3 01/201 0 2 01

0020 1 -1

0-100 01 ]

where we took E = D. After eliminating the uncontrollable and unob-
servable portions, we get

1 0|0 -2
0 —2|-2 0
O(s) =
0 21 0
-1 0f0 1

which coincides with the one obtained in (6.7). Also, simple manipula-
tion shows that II(s) in (6.33) is given by

which again coincides with the one given in (6.7).

Exzample 6.5
Consider a tall system given by
[3 0 |—v2 4—V2]
0 —3|v2/2 V2/2
Gis)=|0 —4|v2/2 V2/2
1 —2|v2/2 V2/2
|2 -1 O 1

We compute a (Jo1, J11)-lossless factorization based on Theorem 6.6.
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A matrix E satisfying (6.18) is given by

E = 11 .
01
The stabilizing solution to (6.19) is given by
w40
0 2

which is positive definite. Hence, Condition (ii) of Theorem 6.6 is satis-
fied. For this solution,

A -3 0

A=A+BF= _37 _1},

o | 12-3v2)/7 2v2-1
B —12/7 1 '

In the same way, we can compute the stabilizing solution X of (6.29)

as
X = 20 >0
00
for which
i=| 73 0
0 -3
Hence, Condition (iii) of Theorem 6.6 holds. Since
xx_ [V 0]
0 O

Condition (iv) also holds. Therefore, G(s) has a (Ja1, Ji1)-lossless fac-
torization. The factors are calculated to be

[ -1 0] —v2/2 0]
0 3| —v2 4
O(s)=| 2 0] v2/2 0],
0 1| +v2/2 0
| 0 2| 0 1]
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-3 |v2/2 V22
I(s) = | —2v2| 1 1
-1 0 1

6.4 Dual (J, J')-Lossless Factorization
in State Space

The complete dualization of the preceding section leads to the derivation
of a dual (J, J')-lossless factorization (6.5). In this section, we identify

J = Jmry, J'= g (6.46)
The augmentation required in this section is given by
A G
G= , 6.47
M (647
instead of (6.10), such that
Gt=[ct Gt

exists. A condition for the dual (J,J')-lossless factorization of stable
systems is given that corresponds to Theorem 6.3.

THEOREM 6.9 Let G(s) be a stable proper rational (m+q) X (m+7)
matriz. It has a dual (Jmr, Jmq)-lossless factorization iff there exists a

G4 such that
| G
G

is square and invertible and ((;"I)N has an anti-stabilizing Jp,-lossless
conjugator ©g for which

(G+)~6oDT =0, DoJpe DT = Jpy (6.48)

()

for some constant matriz D.. In that case, factors in (6.5) are given by
U =D0Oy, Q= (vGH™, (6.49)
where G~ = [ G G+ ]
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Based on the Theorems 6.9 and 5.2, we can show the state-space char-
acterization of dual (J, J')-lossless factorization in terms of its realization
(6.17). First, we note that the relation (6.9) implies that

DJDT = EJ'ET, (6.50)
where E = Q(c0). Note that F is nonsingular since (s) is unimodular.

THEOREM 6.10 Assume that G(s) is stable and its minimal realiza-
tion is given by (6.17) with D € Rm+0x(Mm+1) - G(s) has a dual (J, J')-
lossless factorization iff there ezists a nonsingular matriz E satisfying
(6.50) and a solution 'Y > 0 of an algebraic Riccati equation

YAT + AY + (BJDT - YCT)(DJDT)"Y(DJBT - CY)

-BJBT =0 (6.51)
such that X
A=A+LC (6.52)
s stable where
L:=—(BJDT -YCT)(DJDT)™. (6.53)

In that case, factors in (6.5) are given, respectively, by

AL
-C|1I

where E is a nonsingular matriz satisfying (6.50).

A|B+LD

E, Uv=E"!
C D

Q= : (6.54)

Proof. An augmentation (6.47) is represented in the state space as

G Al| B
G:[ ]=CD=

G
2 c, | D,

A|B

~ =~

C|D

Due to inversion rule (2.15), we have

Gl=[ct Gt]=
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Due to Theorem 6.9, a dual (J, J')-lossless factorization of G exists iff

_(A—BD1O)T | 67D

NN
(G = D-TRT | D-T

(6.55)

has an anti-stabilizing J-lossless conjugator ©¢ such that (6.48) holds for
some D,.. Equation (5.3) in this case is given by

Y(A-BDC)" +(A-BDC)Y
+YCTDTJDCY =0 (6.56)

and Y must stabilize

A=A—(B-YCTDT))D'C. (6.57)
From (5.5) and (5.6), it follows that

I _AT OTH-T
Oy = S | ] (6.58)
| —JDCY | I
R [ —AT | CTD-T
G 1)~y = ~ . 6.59
S D7(BT - JD'CY)| DT } (6.59)

Therefore, we have

_AT I OTH-T
(DY1)T(BT — JD'CY) | (DH)T

(GH)©D; = ] Dy,
where we write D71 := [DT D+ ] In order that (6.48) holds,
(DYH)TD, = 0. If we take D, = (E~!D)T where E satisfies (6.50), this

condition is satisfied. In that case, CTD-TD, = CTE-T. Since (4,C)
is observable, the first relation of (6.48) holds iff

(DHT(BT —JD"'CY) =0,

which implies that o
B-YCT'DTJ=-LD (6.60)
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for some L. By the postmultiplication of both sides of (6.60) by JD"and
using CT(DD~1)T = C7, we can show that L is given by (6.53). Rewrit-
ing (6.57) as

YAT + AY +(B-YCTD TN J(BT —JD'CY) - BJBT =0
and using (6.60) yield
YAT + AY + LDJDTLT — BJBT = 0.

Therefore, we have obtained (6.51) in view of (6.53).

It is easily seen that A in (6.57) is given by (6.52). Also, straight-
forward manipulations show that ¥ = D.Of is given by (6.54) with
DT = DTE-T. Since

T
DT(BT —JD'CY)=-DTDTLT = - [ L ] ,

0
AlL
C

Therefore,  in (6.49) is given by (6.54). ]

we have, from (6.59),

UGt = 1

Now we move on to general unstable cases. The dual version of the
factorization used in (6.14) is given by

U=U_0,, (6.61)

where W_ is a stable dual (J, J')-lossless matrix, and ¥, is an anti-
stable dual J-lossless matrix. In exactly the same way as in Theorem
6.4, we can show a condition for the existence of a dual (J, J')-lossless
factorization.

THEOREM 6.11 A matriz G with (m+ q) rows and (m+7) columns
has a dual (Jmr, Jmq)-lossless factorization iff there exists a stabilizing
Jmr-lossless conjugator U, of GJ such that the stable system GJY.J
has a dual (Jpnr, J;mq)-lossless factorization

GJY,J=QU_.

In that case, the factors are given, respectively, by Q and ¥ = V_U, .
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Based on Theorem 6.11, we can describe a procedure of dual (J, J')-
lossless factorization as the following steps.

Step 1: Find a stabilizing J-lossless conjugator ¥, (s) of G(s)J.
Step 2: Obtain a dual (J, J')-lossless factorization of a stable system

G(8)J¥ 4 (s)J = QU_(s).
The factors are given by ¥ = U_W, and (2, respectively.

Now a state-space characterization of dual (J, J')-lossless factoriza-
tion is given. The proof is left to the reader (See Problem 6.7).

THEOREM 6.12 Let (6.17) be a minimal realization of G with D €
RM+Oxm+1) [t has a dual (Jmr, Jmg)-lossless factorization iff

(i) there exists a nonsingular matriz E satisfying (6.50),

(ii) there ezists a solutionY > 0 of the algebraic Riccati equation (6.51)
such that A in (6.52) is stable,

(iii) there ezists a solution Y > 0 of the algebraic Riccati equation
YA+ ATY —-YBJBTY =0 (6.62)

such that
A:=A—- BJBTY

1s stable, and
(iv) o(YY) < 1.

In that case, factors in (6.5) are given, respectively, by

[ A 0 B+LD |
0 —AT YB
UV =F"! =T , (6.63)
Y
[ C DJBT ] . D

Q= [ A |-g-yV)rL ] (6.64)

C - DJBTY | )i
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Using (6.51) and (6.62), we have
A—BJBTY +(I-YY)'L(C — DJBTY)
—(I-YY) YA+ LO)I-YY), (6.65)

which corresponds to (6.44). From this, it follows that

A+ LC | L

Ql=E"! _ _
(C-DJBTY)I-YY)|I

(6.66)

6.5 Hamiltonian Matrices

In the preceding sections, we have derived four Riccati equations asso-
ciated with the (J,J')-lossless factorization and its dual, namely, (6.19),
(6.29) for the (J,J')-lossless factorization and (6.51), (6.62) for the dual
(J,J")-lossless factorization. If G(s) has a state-space realization (6.17),
then direct manipulations using (2.13) yield

A 0 B
G~(s)JG(s) = | —CTJC —AT|-CTJD (6.67)
| DTJC BT | DTJD |

—AT —cTJjc|-CcTJD
= o0 A B . (6.68)
| BT DTJC | DTJD |

Associated with these realizations, write
A 0
-CTJjCc -AT
B

()L
() -[ =

+ (DTJD)'[ DTJC BT |  (6.69)

0 4 (6.70)
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The matrix f ([ é, g D is the A-matrix of (G~JG)™! associated with

the realization (6.67), and g ([ é IB; D is the A-matrix of G~JG asso-

ciated with the realization (6.68) with the sign reversed. It is straight-
forward to see that both matrices are Hamiltonian in the sense that they
satisfy (3.33).

The Riccati equations (6.19) and (6.29) are associated with the
Hamiltonian matrices (6.69) and (6.70), respectively. Actually, X in

Theorem 6.6 is represented as Ric ( f <[ é g D) and X in Theorem

6.5 is represented as Ric (g ([ é g D ,) which are written respec-
tively as
: Al|B . A|B
riet ([otp]) meo([oin])

Therefore, the existence condition for (J,J')-lossless factorization stated
in Theorem 6.6 is represented as follows.

THEOREM 6.13 G(s) given by (6.17) has a (J,J')-lossless factoriza-
tion iff

(i) there exists a nonsingular matriz E satisfying (6.18),
(ii) X=Ricf([é g]) ZOandX——-Ricg([é g]) > 0 exist
such that o(XX) < 1.

The duals of the above Hamiltonian matrices introduced in (6.69)

and (6.70) are defined as
(lalB]) _ AlB]7 _AT | 7
r([ets) - (] - (=)
CT
(DJDT)[ DJBT —C ]

AT 0
| BJBT -4

BJDT
(6.71)
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-~([8e)-~(]

A —-BJBT
= [ (6.72)
These are associated with the state-space forms

and

0 -AT

[ -AT o CT
G(s)JG~(s)=| —BJBT A|BJDT (6.73)
| -DJBT C |DJDT |
[ A —BJBT | BJDT ]
=|0 AT cr 1. (6.74)
| ¢ —-DJBT |DJDT |

The Riccati equations (6.51) and (6.62) are associated with the
Hamiltonian matrices (6.71) and (6.72). Thus, in view of Theorem 6.12,
we have the following existence condition for the dual (J,J')-lossless fac-
torization.

THEOREM 6.14 There exists a dual (J,J')-lossless factorization for
G(s) in (6.17) iff

(i) there exists a nonsingular E satisfying (6.50), and

(ii) Y = Ric f~([—é—}%}) >0 and Y = Ric g~ ([%‘%D >0

exist such that o(YY) < 1.

We investigate the properties of the Hamiltonian matrices (6.69),
(6.70), (6.71), and (6.72) which play important roles in subsequent chap-
ters. First of all, we note the relation between the zeros of G(s) and the
Hamiltonian matrices (6.69) and (6.71). Let A be a zero of G(s) given
in (6.17); that is,

A—-)Xl B
o D

z}=0, (6.75)
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for some z and w, when D is tall ( more rows than columns ), and

[ﬂ‘w][A_M B1_y (6.76)

C D

for some z and u, when D is fat ( more columns than rows ). It is easy

to see that (6.75) implies
zl_\]®
0 0

(1
() 112

Thus, we have established the following result.

and (6.76) implies

LEMMA 6.15 IfG(s) is tall, then each zero of G(s) is an eigenvalue of
f ({ é g ]), and if G(s) is fat, then each zero of G(s) is an eigenvalue

1 (1))

Due to Theorem 3.2, we have the following important result.

LEMMA 6.16 If G(s) has a zero on the jw-azis, then it has no (J,J')-
lossless factorization.

The Hamiltonian matrices (6.69) and (6.71) have some invariance
properties that can be proven directly.

LEMMA 6.17 For any F, L, and invertible U and V', the following
identities hold.

o

A+ BF | BU A|B

f | =f , (677)
C+DF | DU c|p

A+LC|B+LD

A|B
C|D

-l

). (6.78)

ve | vD
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Proof. The identity (6.77) easily follows from (6.69) and the relation

A+ BF 0
—(C+ DF)TJ(C + DF) —(A+ BF)T
A 0
~ | —ctic AT
- —B - } (DTJD)™' [ DTJDF 0 |
| (C+DF)TJD

[ 0 T -1
| prprsp (D"JD)™'[ DTJC BT|.

The identity (6.78) can be shown similarly.
If G(s) is invertible, we have
(G~(s)JG()) ™" = G(s)7I(G™(s)) 7"
Also, we have
(G(5)IG~(s)) ™ = (G™(s)) ' IG(s)".

From these identities and the definitions of f and g, we have the following

result.
PAE: (TalB]
f(_6—|3)= (Fl? ) (6.79)
AlB AlB]™
+C = )=g(_’7c - ) (6.80)
Notes

The J-lossless factorization, which is the subject of this chapter, is a
strengthened notion of J-spectral factorization defined through (6.4).

LEMMA 6.18 If G(s) is invertible, we have

-~
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It is sometimes called J-inner/outer factorization [3]. I am not sure
people are aware of the importance of this factorization that includes
inner/outer factorization of stable systems and spectral factorization of
positive systems. The derivation of the J-lossless factorization based on
J-lossless conjugation in this chapter is found in [58][59]. More rigorous
treatment of J-lossless factorization is found in [26].

The procedure is divided into two stages, the extraction of zeros and
that of poles. This is a very unique and clear algorithmic representation
of the J-lossless factorization. Actually, the zeros extraction is equivalent
to the cascade synthesis [38][104] of electrical circuits.

Problems
[1] Let R > 0 and

U(s) =

A|B
C
Find a condition on U(s) such that

['(s):=R—-U"~(s)JU(s)
is positive, that is, I'(jw) > 0 for each w.

[2] Obtain the condition under which both X and X are zero in The-
orem 6.6. In that case, ©(s) in (6.32) becomes the identity.

[3] Prove that if G is invertible, then G has a J-lossless factorization
iff G! has a dual J-lossless factorization.

[4] Using the relation (6.21) which is written as DTJDF = —(DTJC+
BTX), show that an augmentation (Bj, D) in (6.23) satisfies the
condition (6.27) if

DTJDF = —DYJ(C + DF).

[5] Assume that J — D(DTJD)™'DT > 0 in (6.19). Show that KerX
is A-invariant; that is, AKerX C KerX.

[6] Compute the Ji;-lossless factorization of the system

2(s—1) s-—1
Gl(s) = 5+ 2 s+1
(s) s+1  2(s+2)

s—2 s—2
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[7] Assume that G is given in (6.17). Show that in Theorem 6.11,

A-BJB"Y | B

GJU,J = d
* C-DJBTY | D

b

where Y satisfies (iii) of Theorem 6.12. Also, show that GJ¥ . J
has a dual J-lossless factorization iff (ii) and (iv) of Theorem 6.12

hold.
A8 , N=Ricg AlB .
C|D C

Show that if I — M N is invertible,
A+NCTJC|B+NCTJC
c | D '

[8] Let

M=Ricf(

(I - MN)™*M = Ric f (




Chapter 7

H® Control via (J, J')-Lossless
Factorization

7.1 Formulation of H* Control

Now we are in a position to deal with the H* control problem based on
the results obtained in the previous chapters.
The plant to be controlled is described as

z Py Py

) Py Py

—plY

Z’ ] : (7.1)

U
where

: errors to be reduced (dim(z) = m),
: observation output (dim(y) = q),
: exogenous input (dim(w) = r),

e € « wn

: control input (dim(u) = p).

A controller is given by
u= Ky. (7.2)

The closed-loop system corresponding to this controller is shown in Fig-
ure 7.1. The closed-loop transfer function is given by

® = Py + PoK(I — Py K) ™' Py. (7.3)
Using the notation (4.80), ® is written as
& = LF (P; K). (7.4)
139

H. Kimura, Chain-Scattering Approach to H*® Control, Modern Birkhéuser Classics,
DOI 10.1007/978-0-8176-8331-3_7, © Springer Science+Business Media, LLC 1997
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P

K

Iy

Figure 7.1 Closed-Loop System.

The H® control problem is formulated as follows.

H* Control Problem

Find a controller K such that the closed-loop system of Figure 7.1 s
internally stable and the closed-loop transfer function ® given in (7.4)

satisfies
[Plloo < (7.5)

for a positive number v > 0.
Several classical synthesis problems of practical importance can be
reduced to the H® control problem. These problems are concerned with

the synthesis of a controller K of the unity feedback scheme described
in Figure 7.2.
)
y

r e K u G—’O——'

\ 4

controller plant

Figure 7.2 Unity Feedback Scheme.

[1] Sensitivity Reduction Problem

The objective is to reduce the magnitude of the sensitivity function S of

Figure 7.2 given by
S=(I+GK)! (7.6)

over a specified frequency range Q. Note that S denotes the transfer
function from r to e. Choosing an appropriate frequency weighting func-
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tion W (s) which is significant on s = jw € , the problem is reduced to
finding a controller K that stabilizes the closed-loop system of Figure 7.2
and satisfies

WSl < (7.7)

for some specified number v > 0.

To reduce the synthesis problem specified by (7.7) to an H* control
problem, it is sufficient to choose a generalized plant P in Figure 7.1 for
which ® given in (7.3) coincides with WS. An example of such P is
given by P11 = VV,P12 = —WG,Pgl = I,P22 = —G, that iS,

w —WGJ

P= (7.8)

I -G

Thus, the sensitivity reduction problem specified by (7.7) is reduced to
solving the H* control problem for the plant given by (7.8).

[2] Robust Stabilization Problems [50][98]

Now, we consider the case where G in Figure 7.2 contains uncertainties
in the sense that G is represented by

G(s) = Go(s) + A(s)W(s) (7.9)

where Go(s) is a given nominal plant model, W(s) is a given weighting
function, and A(s) is an unknown function that is only known to be
stable and satisfies

Al < 1. (7.10)

The class of plants that can be represented in (7.9) is often referred to
as the plant with additive unstructured uncertainty.

It is well known that a controller K stabilizes the closed-loop system
of Figure 7.2 for all plants G(s) described in (7.9) iff K stabilizes G and
satisfies

IWQ|leo < 1, (7.11)

Q:= K+ GoK)™". (7.12)

This can be proven by observing the equivalence of Figure 7.3(a) and
(b) and by appealing to the small gain theorem. The problem is again
reduced to an H* control problem by choosing P for which & given in
(7.3) coincides with WQ = WK (I + GoK)™'. An example of such P is

given by

P= (7.13)

0o W
I -Gy |’
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(a) Feedback System with (b) Equivalent Block Dia-
Additive Uncertainty gram

Figure 7.3 Robust Stabilization.

Instead of (7.9), we can represent the plant with uncertainty as
G = (I + A(s)W(s))Go(s), (7.14)

where A(s) is a matrix representing uncertainty satisfying (7.10). This
description is usually referred to as the plant with multiplicative unstruc-
tured uncertainty. In this case, the condition (7.11) is replaced by

WTloo <1, (7.15)
T:= G()K(I + GoK)_l. (716)

The function T is often referred to as a complementary sensitivity func-
tion. The corresponding generalized plant is given by

0 WG,
I -Gy |’

[3] Mized Sensitivity Problem [97]

The sensitivity S defined in (7.6) describes the transfer function from
the disturbance d to the output y in Figure 7.2. Therefore, reduction
of S implies disturbance rejection. On the other hand, as was stated
previously, the reduction of the complementary sensitivity function T
in (7.16) implies the enhancement of robust stability with respect to
multiplicative uncertainty. Due to an obvious relation

S+T=1I,

P= (7.17)
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it is impossible to reduce both S and T simultaneously. Therefore, some
sort of tradeoff in terms of frequency band between reduction of S and
that of T is required. A method of achieving such a tradeoff is to consider
a weighted sum of S and T as a performance criterion ®; that is,

wiS
wyT

o= , (7.18)

where W; and W, are appropriately chosen weighting functions. The
specification (7.5) is equivalently represented as

S*(jw)R(jw)S(jw) + T*(jw)Q(jw)T (jw) < ¥*I, (7.19)
(R(s) = W{ (=s)Wi(s), Q(s) =Wy (—s)Wa(s))

for each w. A generalized plant that generates ® in (7.18) is given by

Wi =WiGo
P=| 01 WG, |. (7.20)
_——— e — = - = =
I —Go
Instead of (7.18), we can take
%%
g | ¢ (7.21)
wW,T

to consider the tradeoff between @, and T rather than S and T. A
generalized plant corresponding to (7.21) is given by

0 : W1
P = _()_'_WQ_G_O_ . (7.22)
I —Go

Furthermore, we can consider the tradeoffs among S, @, and T by con-
sidering
WS

d=| W,Q |, (7.23)
WsT
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which is generated by the generalized plant

W, : e
0 W2
P= 7.24
01 WGy (724
I : —Go

7.2 Chain-Scattering Representations of
Plants and H* Control

The H® control problem can also be represented based on the chain-
scattering representations of the plant.
We assume that Py; is square and invertible. This implies

g=r. (7.25)

Corresponding to (4.3), the plant (7.1) is represented as

HEH

where G is the chain-scattering representation of the plant P given by

G = CHAIN (P)
_ | Pz P Py' Py PPyt € R(s)m+0x(@+n), (7.26)
— Py Py Pyt
Now the plant (7.1) is alternatively represented as
Plog| ]| G Gu|v| (7.27)
w Yy Ga1 Goa (]

Using the notation developed in Section 4.6, the closed-loop transfer
function ® given in (7.3) is represented as

o = HM (G; K). (7.28)



7.2. Chain-Scattering Representations of Plants and H* Control 165

Figure 7.4 describes the closed-loop system in terms of the chain-
scattering representation of P.

u

Zz t— 4—-—-—1
CHAIN(P) K
W =] __y__J

Figure 7.4 Chain-Scattering Representation of Closed-Loop System.

The H® control problem is formulated in terms of the chain-
scattering representation of the plant as follows.

H®> Control Problem
Find a controller K such that the closed-loop system of Figure 7.4 is
internally stable and
| HM (G; K)|loo < (7.29)
for a given positive number v > 0.
If P! exists instead of Pj;', which implies

m=p, (7.30)
we can use the dual chain-scattering representation

H = DCHAIN (P)
PR} —PRP, (7.31)
PuPh' Py — PupPR'Py |

Then, due to (i) of Lemma 4.16, the closed-loop transfer function ® in
(7.4) is represented as
® = DHM (H; K). (7.32)

The H® control problem is formulated in terms of the dual chain-
scattering representation of the plant as follows:
H> Control Problem (Dual Formulation)

Find a controller K such that the closed-loop system of Figure 7.4 is
internally stable and

|DHM (H; K)||oo < v

for a given positive number v > 0.
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As was shown previously, when either P, or P, is invertible, we can
use either the chain-scattering or the dual chain-scattering formalism.
These cases correspond to the one-block and the two-block cases. The
case where neither Py; nor Py exist (the four-block case) is discussed in
the next section.

The chain-scattering representations of the plant corresponding to
the special H® control problems given in the previous section can be
computed easily. The plant (7.8) corresponding to the sensitivity reduc-
tion problem gives rise to the chain-scattering representation

OW}

CHAIN (P) =
G I

which is much simpler than the original plant (7.8).
The plants (7.13) and (7.17) corresponding to the robust stabilization
problems yield the chain-scattering representations

W 0
CHAIN (P) = ,
G, I
WG, 0
CHAIN (P) = ,
G, I

respectively. The plants (7.20), (7.22), (7.24) which correspond to mixed
sensitivity problems yield, respectively, the chain-scattering representa-
tions

0 in
CHAIN (P) = | WaGo1 0 | ,
_———4_—_
| G, ' I
W1 10
CHAIN (P) = _Wg(io:_o s
G() :I
[0 in
cHAIN ()= | W2 10
WsGo! 0
GO I




7.2. Chain-Scattering Representations of Plants and H* Control 167

These representations show that the chain-scattering representation is
sometimes simpler than the original plant description.

An important advantage of the chain-scattering representation is that
it gives a possibility of simplifying the problem by factoring out a uni-
modular portion in the chain-scattering representation, as is shown in
the following lemma.

LEMMA 7.1 Assume that G = CHAIN (P) is represented in the fac-
tored form

G(s) = Go(s)I(s), (7.33)
where I1(s) is unimodular. Then the H* control problem for the plant P

1s solvable iff the H*® control problem for the plant Py is solvable, where

Proof. Let Ky be a solution to the H* control problem for Py and let
K = HM (I} K,). (7.34)
Due to (iii) of Lemma 4.13, we have
HM (G; K) = HM (Goll; HM (IT™Y; Ko)) = HM (Go; Ko).

Since K| solves the H* control problem for Py, HM (Gy; Kp) is internally
stable and ||HM (Go; Ko)||leo < 7. Hence, ||[HM (G; K)||co < 7. Due to
Lemma 4.15, HM (G; K) is internally stable. Hence, (7.34) solves the
H> control problem for P. By the reverse argument, we can show that
if K solves the H*® control problem for P, then Ky = HM (II; K) solves
the H* control problem for F. ]

Figure 7.5 illustrates the implication of Lemma 7.1. It should be no-
ticed that the problem reduction from P to P, is ascribed to the cascade
structure of the chain-scattering representation.

In the unity feedback system of Figure 7.6(a), the plant G is assumed
to be decomposed into the product

G = GO\I’,

where V¥ is a unimodular system. Then the synthesis problem for G
is reduced to that of a simpler system Gy because, if K is a desired
controller for Gy, then K = U~!Kj is a desired controller (at least from
the input/output point of view) for G, as is shown in Figure 7.6(b).
Lemma 7.1 generalizes this fact to more general schemes with distur-
bance.
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Z <—u|
w ———> -——T’
(a) Chain-Scattering Representa-
tion
 — L — i 7},
l : 1 ] |
| G, m || | [K]
| I
w—s S I
I 1
4 !
: G o K :

(b) Factorization of G and K

2 DE—
w ——— 4

(c) Equivalent but Simpler Problem

Figure 7.5 Problem Reduction by Factorization of CHAIN (P).

‘—_T—‘K G ~

(a) A Unity-Feedback Scheme

Figure 7.6 Problem Reduction in Unity Feedback Systems.
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(b) Decomposition of G and K

‘_T— K, Go

(c) Equivalent but Simpler Problem

Figure 7.6 continued.

7.3 Solvability Conditions for Two-Block
Cases

In this section, we derive a necessary and sufficient condition for the
solvability of the H* control problem in terms of J-lossless factorization
in the case where either a chain-scattering representation or its dual of
the plant exists. This requires that the condition (7.25) which implies

#(observation outputs) = f(exogenous inputs),
or the condition (7.30) which implies
- f{(control inputs) = f(controlled errors)

holds. In these cases, which are usually referred to as two-block cases,
the solvability conditions are derived relatively easily. General cases are
treated in Section 7.4.

Henceforth, we assume, without loss of generality, that

=1 (7.35)
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in (7.5), by considering the normalized plants

P,=P 70 (7.36a)
= . a
! 0 1
or
P Lo P, (7.36b)
K 0 1|~ '

instead of P. We assume that (7.25) holds and G = CHAIN (P) exists.
The problem is to find a controller K such that the closed system is
internally stable and

HM (G; K) € BH™", (7.37)

The special case where G is (Jp, Jpr)-lossless has already been solved in
Theorem 4.15. In this case, Theorem 4.15 implies that any K € BHE"
solves the problem. Therefore, according to Lemma 7.1, the problem is
solvable for any G which is represented as

G = eI, (7.38)

where © is (Jmy, Jpr)-lossless and II is unimodular. The representation
(7.38) is exactly the (J, J')-lossless factorization that was extensively
discussed in Chapter 6. Thus, we have established the following result.

LEMMA 7.2 Assume that P has a chain-scattering representation G =
CHAIN (P) which has no poles nor zeros on the jw-azis. Then, the
normalized H*® problem is solvable if G has a (J, J')-lossless factorization
(7.88). A desired controller is given by

K = HM (I} S), (7.39)
where S is any matriz in BHES".

Now we prove that the existence of a (J, J')-lossless factorization of G is
also a necessary condition for the solvability of the H* control problem
under a mild condition. The following result is a crucial step towards
this end.
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LEMMA 7.3 Assume that the chain-scattering representation G =
CHAIN (P) is left invertible and has no poles or zeros on the jw-axis.
Then the H* control problem is solvable for G only if there exists a
unimodular matriz I1 such that

G~JG =TI (7.40)

Proof. Assume that K solves the H*® control problem; that is,
® = HM (G; K) € BH".

Due to (v) of Lemma 4.17 (actually, its generalization given in Problem
4.4),

& = DHM (GT; K),
where G is a left inverse of G; that is, Gdla=1

Let K = UV~ = V-1U be stable coprime factorizations of K, and
write

[1»

=[v -] (7.41)

From the definition of HM and DHM , it follows that ® = M; My 1 =
— M7 M,, where

-

M= [Ml}=c:5, M:=[ M, M,]|=2G".
M,

Obviously,

MM =ZG'GE = 0. (7.42)
From M~JM = MM, — MyM,, MJIM~ = MM — MyMj’, and
|®lo < 1, we have
M~JM <0, MJM~ >0, VYRes>0. (7.43)
Choose W and E both stable such that
w
E

bl

Ker[JG MN]=Im
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that is A
JGW + M~FE = 0. (7.44)

Z = [ w ] .
We show that Z is unimodular. Assume, contrary to the assertion, that

Z has a zero s; with Re[s;] > 0. Then there exists a vector & and &
such that

Let

11>

W€1 + égg = 0, s = 8;.
Premultiplication of the this identity by JG yields
~M~E& + JMé& =0,

which implies that &FE~MJM~EE = £M~JME,. Due to (7.43),
we conclude that & = 0, & = 0. Thus, we have proven that Z is
unimodular.

Due to the spectral factorization theorem (Theorem 3.8), there exist
unimodular matrices ¥ and ¥ such that

M~JM =="G~JGE = —U~7,
E~MJM~E = W~G~JGW = U~V¥.

Here we used the assumption that G has no poles or zeros on the imag-
inary axis.
Due to (7.44) and (7.42),

W~G~JG= = —E~MM = 0.

Therefore, it follows that

Z~G~JGZ = ry 0
0o Uy
Hence,
%
m=| Y 9 2 (7.45)
0 v

satisfies Equation (7.40). The proof is now complete.

Due to (7.40), © = GII! satisfies
e~Jje =J.
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Hence, it is J-unitary. In other words, the H* control problem is solvable
only if G = CHAIN (P) allows a factorization

G =oll,

where © is (J, J')-unitary and II is unimodular. Due to Lemma 7.1,
the H* control problem is solvable only if the H* control problem is
solvable for P, with © = CHAIN(P,). Theorem 4.15 implies that © must
be (J, J')-lossless. Thus, we have shown that the H* control problem
is solvable only if G = CHAIN (P) allows a (J, J')-lossless factorization
(7.37), under the condition of Lemma 7.3. This, together with Lemma
7.2, establishes the following important result.

THEOREM 7.4 Assume that the plant P given in (7.1) has a chain-
scattering representation G = CHAIN (P) such that G is left invertible
and has no poles or zeros on the jw-azis. Then the normalized H® con-
trol problem is solvable for P, iff G has a (Jmr, Jpr )-lossless factorization

G = CHAIN(P) = OI1. (7.46)
In that case, K is a desired controller iff
K=HM ("% S) (7.47)
for an S € BHE".

This theorem establishes a close tie between the H* control problem
and (J, J')-lossless factorization. Actually, it reduces the H* control
problem to a factorization problem (7.38). This situation is analogous
to the fact that the LQG problem is reduced to the Wiener-Hopf factor-
ization of a positive matrix.

The form of the H* controller (7.47) reveals an important charac-
teristic feature of the closed-loop system which is illustrated in Figure
7.7. It shows that the unimodular portion Il of CHAIN (P) is totally
cancelled out by the controller. The representation (7.38) implies that
all the unstable poles and zeros are absorbed in ©. Therefore, the H*®
controller cancels out all the stable poles and zeros of CHAIN (P) and
takes care of only the unstable poles and zeros from the power point of
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view. This is a remarkable feature of H* control systems.

P e — R/ — . i
| © ol |m [S]
w — > L LI
. CHAIN®P) 'Y | K |

V4 ‘—ﬂ

® S

w—> ——*

Figure 7.7 Closed-Loop Structure of H* Control.

If CHAIN (P) has a stable pole or a stable zero close to the jw-
axis, then it is cancelled out by a controller. This sort of cancellation
might cause a poor closed-loop performance with respect to the initial
conditions. This is a limitation of H*® control that only focuses on
input/output behavior of the closed-loop system.

It is straightforward to dualize Theorem 7.4. We omit the detail and
only state the result.

THEOREM 7.5 Assume that the plant P given in (7.1) has a dual
chain-scattering representation H = DCHAIN (P) such that H is right-
invertible and has no poles and zeros on the jw-azis. Then the normalized
H® control problem 1is solvable for P iff H has a dual (Jmr, Jmq)-lossless
factorization

H = DCHAIN (P) = QU. (7.48)

In that case, K is a desired controller iff
H = DHM (7% 9) (7.49)

for an S € BH .
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7.4 Plant Augmentations and Chain-
Scattering Representations

In the preceding section, we assume that either Py or Py, is invertible.
If these assumptions fail, we cannot obtain the chain-scattering repre-
sentations of the plant. In such cases, we augment the plant under the
following conditions.

Assumption (A): There exist matrices Pj; and P], such that the in-
verses

- P
3:[P2T1 P2l1]a [PI,Q Plz] 1‘—‘|: 1:} (7.50)
Py

Py
Py

exist in RL®.
Obviously, (7.50) implies that
Py Pl =1, PyPst=0, (7.51)
PLP,=1PiP,=0. (7.52)
In other words, PQTI and Pj; are a right inverse and a right annihilator of
Py, respectively, and PfQ and P} are a left inverse and a left annihilator
of Pjy, respectively.

Now we consider the plant (7.1) with a fictitious observation output
of dimension r — ¢ given by

where P, is chosen to satisfy (7.50). The augmented plant is described
by

g » Py 1 Py
— = - - w
y | =F ]— Py v Py } (7.54)
!
! v Py 1 Py “

We obtain the chain-scattering representation of P, as

:

u

=G|y (7.55)

/

Yy
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G = CHAIN(P,)

-1

_ I 0
P, Pu
= Py Py
0
) Py, Py

-PIZ*PII(P2TlP22+P§liPéZ) P11P2t1 Py Py

(7.56)
— (P}, Py, + P3i Phy) Py P&

Since the controller (7.2) is represented as

/

u=|K 0][5] (7.57)

the closed-loop transfer function ® from w to z is calculated to be
-1
= [ GuK + G2 Gis ] [ GunK +Gxn G ] ; (7.58)

where G in (7.55) is represented in the block partitioned form

Gn G2 G m
_ l n G 13] (7.59)

Ga1 Ga2 Goas
p g T—q

r

According to the definition of HM, we can write ® in (7.58) alternatively
as

@:HM(G;[K 0]).

The closed-loop system corresponding to the controller (7.58) is shown
in Figure 7.8.

Z - ] u
K

CHAIN(R)) X

w > —'_’y/

Figure 7.8 Closed-loop System with Output Augmentation.



7.4. Plant Augmentations and Chain- Scattering Representations 177

In order to obtain the dual chain-scattering representation of P in (7.1),
we consider a fictitious control input u’ and augment P as follows :

z = Pyw + Pyu’ + Piou (7.60a)
y = Phw + Pyyu' + Pyu, (7.60Db)

where Pj, is chosen to satisfy (7.50). The augmented plant is denoted
by P;; that is,

K

Now we obtain, from (4.28), the dual chain-scattering representation of
P, as

Pll'P12 Py

u . 7.60c
Py : P22 Py ( )

u
VA
u | =H , (7.61)
w
Yy
H = DCHAIN (P,
[ P, Py 0 I —-P,
P, =Py T 0 Py
[ P — P3Py
= Psz —Pfgpu ) (7.62)
P22P + P22P1Tz Py — (P Pi5 + P22P12)P11

where P and P}, are a left annihilator and a left inverse of P, satisfying
(7.52). Write H in a partitioned form conformable with (7.61) as
Hyy Hi
H= H. 21 H. 22 . (763)
H3 Hs
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Due to (7.61) and (7.2), the closed-loop transfer function (7.3) with con-
troller (7.2) is denoted as

v oo (1 ]

-1

_[ Hy, } [ Hy, }
H21 - KH31 H22 - KH32

Figure7.9 illustrates the closed-loop system in chain-scattering formal-
ism.

Z ¢— ——— 0
DCHAINP)| “r&
) v

Figure 7.9 Closed-Loop System with Input Augmentation.

Let us denote the third column block of G by

G P
Ht=| P l=|"" R (7.64)
G23 I
This notation comes from the fact that
HH* =0, (7.65)

which is obvious from the definition (7.62) of H .
Also, we denote the top row block of H by

Gt=[Hy Hp|=P5[I -Pu]. (7.66)
Analogous to (7.65), we have
GG =0. (7.67)

Actually, we can prove that

(7.68)

oG- [ 0 Op—gx(m-p) } |

Iyg O



7.4. Plant Augmentations and Chain- Scattering Representations 179

Due to (7.3) and (7.51), we have the identity
®P;; = P11 Py
for any K. Therefore, if |®||c < 1, we have
(P))~(I — PP, P = (P)~(I — ®~®)Pg >0, Vs=jw. (7.69)
Analogously, we have the dual version of (7.69) as
Pi(I — Py PY)(PE)™ >0, Vs = jw. (7.70)

These inequalities can be rewritten in terms of H and G* yielding the
following interesting result.

LEMMA 7.6 If the H*® control problem is solvable, then, for any aug-
mentations, we have

(HHY~JH* <0, GYJ(GH~ >0, Vs=jw. (7.71)

Proof. The inequalities (7.71) are obtained by rewriting (7.69) and
(7.70) using (7.64) and (7.66), respectively. ]

The following result is a generalization of Theorem 7.4 to four-block
cases.

THEOREM 7.7 Assume that there exists an output augmentation
(7.53) such that G = CHAIN (P,) has no zeros or poles on the jw-
azis. Then the H™ control problem is solvable for the plant (7.1) iff
there exists an output augmentation (7.53) such that its chain scattering
representation G = CHAIN (P,) has a (Jmr, Jpr)-lossless factorization
(7.38) with 11 being of the lower triangular form:

II 0 +
= [ " } bpta (7.72)
Iy Iy }r—q
—~ =~
p+q T—¢q

If these conditions hold, a desirable H® controller is given by

K = HM (117} ; S), (7.73)
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where S is an arbitrary matriz in BHE, o (p1q)- The closed-loop transfer
(7.74)

function is given by
®=HM (6;[ 5 0]).

Proof. To prove the sufficiency, it is sufficient to see that the controller

(7.73) satisfies
®=HM (G;[K 0])eBH",
under the condition that G has a (J, J')-lossless factorization (7.38) with

II being of the form (7.72). This is obvious from
0
[ M (15 5S) 0]

L i
HM (G;[ K 0])=HM |© -
| li21 lloo |
o o]
= HM (@ . ;
| I3y Ilpo |

1 0
= HM (@ . ] i[S 0 ])
16301 EYQp 1 6%
— HM (6;[ S 0]) € BH™,

where we used the relations given in Problem 4.5.
To prove the necessity, we modify slightly the proof of Lemma 7.3.
Since K is replaced by | K 0 ], we must replace = and = in (7.41) by

(1]

0 NN
N V -U 0
0], ==
0 0 I
I

U
=V
0
Then we conclude that I given in (7.45) is of the lower triangular form
|

(7.72).
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Let us consider the meaning of the form (7.72). If the conditions of
Theorem 7.7 hold, we can represent the plant in Figure 7.10 where

- _ Uqg
Z ©11 O12 O53
- Ya (7.75)
w | | O21 Oy Oy
Ua [ M1 i 0 u
I
Yo | = | Hue Mng ! IR AE (7.76)
Y o1, Ig1p v Igo Y

The controller (7.73) implies that

HREEEH

for some signal v. Substituting the preceding relation in (7.75) yields

Hlla I—Illb
IIllc Hlld

<

Uq

S 0
v
Yo | =11 O .
(A
y 0 I

Hence, we have, from (7.75),

[Z}_I:en ©12 @13] [’U]
w O Oy Oy (A

Eliminating v and ¥/, from this relation yields (7.74).

Uqg

Z < l——— |4
® ya, o I1 ——vy
w—> Ya_, — y/

Figure 7.10 Plant Representation.
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The dual of Theorem 7.7 is as follows.

THEOREM 7.8 Assume that there exists an input augmentation
(7.60) such that H = DCHAIN (P;) has no zeros or poles on the jw-
azis. Then the H® control problem is solvable for the plant (7.1) iff there
exists an input augmentation (7.60) such that its dual chain-scattering
representation H = DCHAIN (P;) has a dual (Jmr, Jmq) factorization
(7.48) with Q2 being of the lower triangular form

Q 0 m —
Q= { ! }} P (7.77)
Qg1 Qoo }p+gq
~ =~
m—p p+q

If these conditions hold, a desirable H* controller is given by
K = DHM (9% 5),

where S is an arbitrary matriz in BH‘(’; +a)x(p+q) Lhe closed-loop transfer

function is given by
0
5 .

This chapter gave the formulation of the H* control problem and es-
tablished a close tie between H™ control and J-lossless factorization.
The main results were Theorem 7.4 and Theorem 7.7 which gave the
complete solvability conditions of the H* control problem for the case
where the plant has a chain-scattering representation and for the case
where it doesn’t, respectively. The equivalent results were obtained by
Ball and Cohen [3], Green [35], and Green et al. [36], but their re-
sults were mainly stated in terms of J-spectrum factorization (7.40). In
order to guarantee that GII~! is J-lossless, they impose an additional
condition on II. A similar result without using the notion of J-lossless
factorization was given in [60], which is based simply on the notion of
the J-lossless complement as discussed in Chapter 4. Through the work

& = DHM (\1:;

Notes
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of this chapter, it became clear that the H* control problem is reduced
to the J-lossless factorization. It is interesting to compare this result
with the parallel fact in LQG control that the LQG control problem is
reduced to the Wiener-Hopf factorization of positive matrices. As was
discussed in Section 6.1, the J-lossless factorization includes the Wiener-
Hopf factorization of positive matrices as a special case. In this sense,
LQG control is a special case of H* control.

Theorems 7.4 and 7.7 imply that the H* controller must cancel out
the unimodular part of the chain-scattering representation of the plant.
In other words, all the stable zeros and poles of the chain-scattering
representation are cancelled out. This is a significant characteristic fea-
ture of H*® control. This fact was pointed out by several researchers
[63][72][71][88].

Problems

[1] Show that in the mixed sensitivity problem, a zero of Gy is also a
zero of the chain-scattering representation of CHAIN (P), where
P is given by (7.20) or (7.22).

[2] Prove that a zero of P is also a zero of P, given by (7.54). Obtain
the dual result.

[3] Assume that Pj' exists in (7.1). Show that the zeros of
CHAIN (P) are composed of the poles of P, and the zeros of Ps.

[4] Assume that in the unity feedback system of Figure 7.2, the plant
G is decomposed into

G = G1Gy,

where (G5 is unimodular. Show that the problem of robust stabi-
lization and the mixed sensitivity problem for G are reduced to
those of GG; using the chain-scattering representation of G.

[5] Show that CHAIN (P) is left invertible iff Pyo is left invertible.
Prove that the left inverse of CHAIN (P) is given by

P ~PLPy

(CHAIN (P))t = T T .
P22P12 P21_P22P12P11
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Compare this form with (7.31). Obtain the dual result.

[6] Show that we can perfectly reject the disturbance (i.e., we can find
a stabilizing controller K that satisfies (7.5) for arbitrarily small
7v) if CHAIN (P) is unimodular.

[7] Compute, if possible, the dual chain-scattering representations of
the transposes of the plants (7.8), (7.13), (7.17), (7.20), (7.22), and
(7.24).



Chapter 8

State-Space Solutions to H™
Control Problems

8.1 Problem Formulation and Plant
Augmentation

In this chapter, we give a solution to the H* control problem in the
state space based on the results obtained in the preceding chapters. A
state-space realization of the plant (7.1) is given by

z = Az + Bl'LU + BQ’U,, (81&)
= 01$ + Dn’w —+ Dlg’u, (Slb)
= CQLE + D21’U} + D22U (81C)

where

z€ R™ : errors to be reduced,
y€ R? : observation outputs,
w€ R" : exogenous inputs,
u€ RP : control inputs.

We can write

P p Al B B
P = oo Ci|Du Dy |- (8.2)
Py Py
02 Dy, 0
185
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Compared with the usual state-space description (4.17), we assume
Dyy = 0. This assumption holds for almost all plants of practical impor-
tance. We make the usual assumption that

(A1) (A, By) is stabilizable and (A, Cy) is detectable.

This assumption is necessary in order that the H* control problem is
solvable.

In this chapter, we deal with the so-called standard problem in which
the following assumptions hold.

(A2) rank Py (jw) =g, rank Pjy(jw) =p, 0 <w < o0.

This assumption is equivalent to

(A2,)
rank A-juwl By =n+gq, Yw
Cy Dy
(A2,)
—jwl B
rank A-jw 2 =n+p, Vw
(& D,
(A2;) rank Dy =q, rank Dqp =p.
It should be noted that (A23) implies that
r>q, m>p. (8.3)

As was stated in Chapter 7, H* control problems are usually categorized
into the following classes.

(i) One-block cases where the equalities 7 = ¢, m = p hold.
(if) Two-block cases where either r = g or m = p holds.

(iii) Four-block cases where r > q and m > p.

Since Dy; € RI*", Djp € R™*P, the assumption (A2;) implies that both
Dy, and D;y are invertible in the one-block case, and either Dsy; or Diq
is invertible in the two-block case. In the four-block case, neither Do
nor Di9 are invertible.

From the viewpoint of the chain-scattering approach, H* control
problems are categorized as:
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(i) one-block cases where both CHAIN (P) and DCHAIN (P) exist,
(ii) two-block cases where either CHAIN (P) or DCHAIN (P) exists,

(iii) four-block cases where neither CHAIN (P) nor DCHAIN (P) ex-
ists.

The cases (i) and (ii) are easily treated based on the results obtained
in Chapters 6 and 7. In this case, the problem is reduced to the
(J, J")—lossless factorization of CHAIN (P) and/or DCHAIN (P), as
was discussed in Section 7.3. In these cases, we can obtain the solu-
tion to the problem by applying the results of the previous chapters in
a straightforward way.

The case that needs further consideration is (iii) where we need to
augment the plant to derive the chain-scattering representations of P.
Corresponding to (7.54), we introduce a fictitious output

Y = Cy'z + Dy'w (8.4)

in addition to (8.1c). We choose D}, € RU~9*" such that Dj, is a
complement of Ds; in the sense that

is invertible. Hereafter, an augmented matrix is designated by “A”. A
state-space realization of the output augmented plant P, in (7.54) is
given by

A|B B
AT Al B B,
P,= Cl D” 0” =| C|Du Di |- (8.5)
2 21 A ~
Cy| Dy 0
Cé Dél 0 2 21

Since Dy is invertible, CHAIN (P,) exists and is given by

G := CHAIN (P,)
A-BD3'Cy | B, BiDj

= = Az | B
= | Cy — DuuD3'Cy | D1y DuD3t | = CG DG (8.6)
-D3lC, 0 Dy S
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The preceding representation is obtained from (4.19) applied to (8.5).
Now, we apply the relation (4.7) to P, in order to obtain a factorized
form of G. For this purpose, we introduce “partial plants” given as

P = Py P _ A| B (8 7)
= I 0 C,|D, |’ '
. I Al B
= | 2 L= ] (5.5)
Py Py ¢, | D,
where
C Dy D
B:=[B Bg],Cz—{Ol},Dz:{I” 012} (8.9)
0 0 I
R 0 R 0 I
=| . |=|C|, D=1 =| Dy 0 8.10
oA l 2 y [ Dy 0 } 21 ( )

s . 0

These partial plants P, and Py correspond to ¥;. and Y. given in (4.6),
respectively. The subscripts z in (8.7) and y in (8.8) represent the signals
which are represented completely by the corresponding subplants. The
identity (4.7) yields

G = CHAIN (F,)
= CHAIN (P,) - CHAIN (B,). (8.11)
It is worth noting that the first factor CHAIN (P,) does not depend
on the augmentation (Cj, Dj;). According to Lemma 4.1, we have an
alternative representation of G in (8.6) as

A¢ | B A-BD;'C, | BD;?
G=|=5 | Ba | _ L Gy | -y (8.12)
Co | De C. - D.D;*C, | D.D;*

This representation implies that G = CHAIN (P,) is obtained by ap-
plying a state feedback gain —D, 1C, and an input transformation with

ﬁy‘ ! as its transformation matrix to a partial plant P, which does not
depend on the augmentation (C3, Dy,).



8.1. Problem Formulation and Plant Augmentation 189

Figure 8.1 illustrates the block diagram of G = CHAIN (P,).

Figure 8.1 Block Diagram of CHAIN (P,).

Dually, we consider an input augmentation (7.60). A fictitious input
o is introduced as
& = Az + Byw + Byu' + Bou,
z = 01I + D11’LU + D/12u/ + Dlgu.
The matrix D}, € R™*(mP) is chosen such that it is a complement of
D1, in the sense that X
Dy =[ D), Di ]

is invertible. The input augmented plant P; has a state-space realization

Al B B Al B B, B,
I)i = Cl D11 Du = Cl D11 D,12 D12 . (813)
02 D21 0 CQ D21 0 0

Since Dy is invertible, P; allows a dual chain-scattering representation
DCHAIN (PF;) which is given by
H = DCHAIN (P,)
[ A— B,Dy,'Cy l B,D By — ByDy;' Dy
= -DiCy ' by ~Dy' Dy

L 02 0 D21

. [ Ap | By
= - CH DH .

(8.14)
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This representation is obtained by applying the identity (4.38) to (8.13).
Corresponding to the factorization (8.11) for CHAIN (PF,), we obtain
a similar factorization for DCHAIN (P;) in terms of partial plants

-1 P A| B,
P, := il I el , (8.15)
0 Py c| D,
R -Py 0 A| B,
= L2 = | ==, (8.16)
—Py I c|D.
where
e ~-I Dy
C= , Bu=[0 B, |, D,= . (817
E [0 &) o= | D) )
B,=[-B, 0]|=[-By -B, 0], (8.18)
p,—| De 0} _|-Di ~Dw 0 (8.19)
0 I 0 0 I

The partial plants (8.15) and (8.16) correspond to (4.39) and (4.40),
respectively, and we have, from (4.33),

H = DCHAIN (F,)
0 Py

A

P11 I

21

~ DCHAIN ( ) - DCHAIN (

)

0 —I )

I o |”

It is worth noting that the second factor in this factorization does not
depend on the augmentation (Bj, D},).

Due to Lemma 4.3, we have another representation of DCHAIN (F;)
as

22

-1

A

= DCHAIN (P, )- DCHAIN (P,

A-B,D;'C| B, - B,D;'D,
b;ic |  D;'D,

H=[AH|BH
Cu | D

] . (8:20)

This representation implies that H = DCHAIN (F;) is obtained by
applying an output insertion —B,D; ! and an output transformation
with D;! as its transformation matrix to a partial plant P, that does
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not depend on the augmentation (Bj, D},). The block diagram of
H = DCHAIN (P,) is given in Figure 8.2.

Figure 8.2 Block Diagram of DCHAIN (PF,).

The dual chain-scattering representation (8.14) is in some sense an in-
verse of the chain-scattering representation (8.6), as was shown in (4.29),
if both exist for a given plant. In case of augmentations, the relation be-
tween the two chain-scattering representations is given in the following
result,

LEMMA 8.1 G in (8.6) and H in (8.14) satisfy the following identi-
ties.

Ag = Ay + ByCg, (8.218.)

Bg = By Dg, (8.21b)

CH = —DHCG, (8.210)

pups=| ° O (8.21d)
Iy 0

The proof is straightforward based on the realizations (8.6) and
(8.14). 1

As a direct consequence of the preceding lemma, we have

H(s)G(s) = DuDe = [ I(i 8 ] , (8.22)
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which coincides with (7.68).
Before concluding the section, we note some relations satisfied by the
realizations of partial plants (8.7), (8.8), (8.15), and (8.16):

-D
DtzzDuDy—_-{DO 012}’
- ; (8.23)
D,D;'=[1 0], D7'Dy= [I}

where D, and D, are unaugmented versions of f)y and D, given, respec-
tively, by
0 I —Dyy; O
D, = , D, = 12
Dy 0 0 I

8.2 Solution to H* Control Problem for
Augmented Plants

(8.24)

In this section, we consider the normalized H* control problem for aug-
mented plants. We assume that the assumption (A2;) holds in the output
augmented plant F,; that is,

rank [ éjw 151 = rank Cy Dy | =n+71 V.
2 21 c D,

(8.25)
Since (A2;) holds in the original plant, the condition (8.25) holds
for almost all output augmentations (C4, Dj;). An output augmentation
(CY, D},) such that (8.25) holds and Dy, is a complement of Dy, is called
admissible. Hence, if (C4, Dj,) is admissible, then A has no eigenvalues
on the jw-axis. Therefore, G = CHAIN (P) satisfies the condition of
Theorem 7.4. Hence, the normalized H* control problem is solvable ift
G = CHAIN (P) has a (Jpr, Jpr)-lossless factorization (7.46) and the
class of desired controllers is given by (7.47). Theorem 6.6 applied to G
in (8.6) yields the following result.

THEOREM 8.2 Under the assumptions (A1) and (A2), the normal-
1zed H® control problem is solvable for each output augmented plant P,
gwen in (8.5) with admissible augmentation (C%, Dy;) iff the following
conditions hold.
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(i) There ezists a nonsingular matriz E, such that

DTJD, = ETJE,. (8.26)

(ii) There exists a solution X > 0 of the algebraic Riccati equation

XAq+ AgX
—(C&JD¢ + X Bg)(D§JDg) (DI Co + BEX)
+CLJCs =0 (8.27)
such that
AG = AG + BgFg, (828&)
Fg = —(DEJDg) ™ (DLJCe + BLX) (8.28b)
is stable.

(iii) There exists a solution X > 0 to the algebraic Riccati equation

XAL+ AcX + XCLIC:X =0 (8.29)
such that
Ag:=Ag+ XCEICq (8.30)
1s stable.
(i)
o(XX) <1 (8.31)

In that case, the class of controllers that solve the normalized H*™ control
problem is given by
K = HM(ITI™%; S), (8.32)

where S is an arbitrary matriz in BH* and

_ Ag | —(Bs + XCEJDg)
E.D;'Fo(I - XX)7!| E.D;!

I1(s) (8.33)

In the above statements, we assumed J = Jp,p, J' = Jpp.
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Proof. The statements (i)~(iv) are almost the repetition of the con-
ditions (i)~(iv) of Theorem 6.6 applied to G = CHAIN (FP,), except
Condition (i) where E satisfying (6.18) is given by

E=E,D;" (8.34)

Indeed, since Dg = Dzﬁy_ 1. E given by (8.34) satisfies (6.18) for D =
Dg. |

Dualization of Theorem 8.2 is straightforward based on Theorem 7.5
and Theorem 6.12. An input augmentation (Bj, D},) is said to be ad-
missible, if

rank
Cy Do

——— y /
= rank A= jul Blz B
=n+m, Yw (8.35)

and D, is a complement of Dss.

THEOREM 8.3 Under the assumptions (A1) and (A2), the normal-
ized H*® control problem is solvable for each input augmented plant P;
given in (8.18) with admissible augmentation iff the following conditions
hold.

(i) There ezists a non-singular matriz E,, satisfying

D,JDY = E,J'ET. (8.36)

(ii) There ezists a solution Y > 0 of the algebraic Riccati equation

YAL + AyY
+(ByJDL-YCL)(DyJ DY) (DyJBY—CyY)
~ByJBL =0 (8.37)
such that
Ay = Ap+LyCy (8.38a)
Ly = —(ByJD%L -YCH)(DyJDE)™! (8.38b)

is stable.
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(ii) There exists a solution Y > 0 of the algebraic Riccati equation

YAy + ALY —YByJBLY =0 (8.39)
such that B _
Ay = Ay — BHJB,T;Y (8.40)
1s stable.
(iv) B
oYY) <1 (8.41)

In that case, the class of controllers that solve the normalized H*® control
problem for P; is given by

K = DHM(Q™; 9) (8.42)
where S is an arbitrary matriz in BH™ and

B Ay | -(I-YY)"'LyD;'E,
| Cu— DpJBRY | D1E,

Q(s) (8.43)

In the preceding statements, we assumed J = Jpr, J' = Jpq.

Theorems 8.2 and 8.3 give the complete solutions to the H* control
problems for the two block cases, namely, the case where either r = ¢
or m = p. In the case 7 = ¢, Assumption (A2;) implies that Dy is
invertible, which implies that CHAIN (P) exists without output aug-
mentation. We can just eliminate “A” in the description (8.6) or (8.12)
of G. Theorem 8.2 gives a complete solution to the normalized H* con-
trol problem. The same remark applies to the case m = p where Diq
is invertible instead of D,;. In that case, Theorem 8.3 gives a complete
solution to the normalized H* control problem.

In order to compute the controller generator I1~! from (8.33) and Q~*
from (8.43), we note the following identities.

LEMMA 8.4 In Theorem 8.2, the following relation holds.

Ag(I = XX) + (Bg+ XCLJIDg)Fg = (I — XX)Ag. (8.44)
Dually, the following relation holds in Theorem 8.3:

(I —YY)Ay + Ly(Cy — DyJBLY) = Ag(I - YY). (8.45)
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Proof. The Riccati equation (8.27) can be written as
ALX 4+ CEICe = —XAg — (CEIDg + X Bg) Fe.
Due to (8.29), we have

Ac(I — XX) = (Ag+ XCZJICs)(I — X X)
= Ag+ X (CLJCs + ALX)
= A¢ — X(XAg + (CEIDG + XBg)Fg)
= (I — XX)(Ag + BgFg) — (Bg + XCLJDg)Fg,

which establishes the relation (8.44). The identity (8.45) can be proven
by the dual argument. 1

Based on Lemma 8.4, we can compute the controller generator II(s)™*
from (8.33). Due to the inversion rule (2.15) and (8.29), the A-matrix of
II(s)™! is calculated to be

Ag + (Bg+ XCLIDG)Fe(I — XX)™ = (I - XX)Ac(I - XX)™%.

Here we have used the identity (8.44). Therefore, II(s)™! is given by

1(s)" = (I = XX)Ae(I - XX)! | (Be + XCZJIDg) b, B!
Fo(I — XX)™! | I
A — XX)"YB T R
_ | Ae | I - XX)""(Bo + XCEJIDe) B, (5.46)
Fg | I

Analogously, we obtain the dual controller generator Q(s)~! as

Ag | Ly
(Cy — DpJBRY)I YY) | I

Q(s)™! = E;'D, [ ] . (8.47)

8.3 Maximum Augmentations

In the preceding section, we derived solvability conditions of the nor-
malized H* control problem for augmented plants. If the normalized
H® control problem is solvable for the original plant, it must be solved
for augmented plants, because the solution to the original plant is also
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a special solution to the augmented plants which does not use the aug-
mented input or output. Therefore, Theorems 8.2 and 8.3 give necessary
conditions for the solvability of the H* control problem for the original
plant. It is natural to guess that a sufficient condition for the solvability
must guarantee that the problem is solvable for all augmented plants
with admissible augmentations. Actually, a sufficient condition will be
derived by finding a special augmentation for which the (J, J')-lossless
factorizations have lower triangular forms (7.72) as described in Theo-
rem 7.7. The existence of such factorizations guarantees the existence
of (J, J')-lossless factorizations for all augmented plants. We start with
examining the conditions (i)~(iv) of Theorems 8.2 and 8.3 in detail.

The conditions (i) of the theorems do not depend on augmentations.
Hence, they are necessary conditions for the solvability of the normalized
H®* control problems for the original plant (8.1). Now we represent the
conditions (i) of Theorems 8.2 and 8.3 in different ways.

LEMMA 8.5 Condition (i) of Theorem 8.2 holds, that is, the identity
(8.26) is satisfied for some nonsingular matriz E, iff

J—D,(DTJD,)*DT > 0. (8.48)
Dually, Condition (i) of Theorem 8.3 holds, that is, the identity (8.36)
holds for a nonsingular matriz E,, iff

J-DID,JDI) D, <0. (8.49)
Proof. Let R:=J— D,(DTJD,)"'DT. Obviously, RJD, = 0 and
RJR = R. If (8.26) holds, we have
DT
R

ETJ,E, 0

J[D. R]=| T2

Since Ker [ D, R l = ¢ and J = J,, the inertia theorem implies that
the matrix on the left-hand side has at most r negative eigenvalues. Since
ET J,.E, has r negative eigenvalues, R has no negative eigenvalues.

Conversely, assume that (8.48) holds. Then we can find a matrix U
of column full rank such that

J—D,(DTJD,)'DT = R=UUT".

We can easily see that KerU? C ImJD,. Therefore, since rank D, = r+p
from (8.9), rank UT = (m +r) — rank D, = m — p. Also, due to

UUT =R=RJR=UUTJUU?,
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we have UTJU = I—p. 1t follows that

I, O
Ju D’]=[ 0 D;FJDZ]'

Again, the inertia theorem implies that DT JD, has p positive eigenvalues
and r negative eigenvalues. Thus, DT J,,, D, must be congruent to Jpr-
Thus, the first assertion has been established.

The second assertion can be proven by the dual argument. 1

z

Lemma 8.5 implies that the inequalities (8.48) and (8.49) are nec-
essary for the solvability of the H* control problem for the normalized
plant (8.1). In turn, they give explicit forms of the factorizations (8.26)
and (8.36).

LEMMA 8.6 Assume that the inequalities (8.48) and (8.49) hold.
Then
VoD,

E, =
U,D,

(8.50)

satisfies (8.26), where Uy, is a matriz with full row rank satisfying
J- DY D,JDY) D, = -ULU, (8.51)
and V,, is a nonsingular matriz satisfying
DI(Dy,JDI)' D, = V. Jpy Vi (8.52)

Dually,
Ey=[ DU, D.V, ] (8.53)

satisfies (8.36), where U, is a matriz with full column rank satisfying
J—-D,(DFJD,)"'DT =U,UT (8.54)
and V, is a nonsingular matriz satisfying
Dy(DIJD,)'DI =V, J,,V[I. : (8.55)

Note that J = Jp, in the previous statements, and D, and D, are given
by (8.24).
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Proof. The existence of U, satisfying (8.51) and U, satisfying (8.54) are
clear from the assumptions. We show the existence of a nonsingular V,,
satisfying (8.52). Obviously, DT JU, = 0. Hence, JU, € KerD?. From
the forms of D, in (8.9) and D,, in (8.17), we have

T KerD], = DIKerD!.
11

KerDT = l

Hence, JU, = DIW for some W € Ker DT. It follows that

Dy (DyJ D)™

UrJju, 0
0o DID,JDY)'D, |
From (8.54), it follows that U,Ul = U,UTJU,UT. Since U, is of full
column rank, U7 JU, = I,_,. Since D,,JDT is congruent to J,, from
the assumption and Lemma 8.5, we conclude that DI(D,JDI)~"'D,
has p positive eigenvalues and ¢ negative eigenvalues due to the inertia
theorem. Thus, we have established the existence of a nonsingular matrix
V. satisfying (8.52). The identity (8.26) can be shown directly from
ErJ,.E, = Dg V.l J,eVwD, — DTULU, D,
= DZ"DZ(DWJD;‘Z)‘IDUD,/
+D7(J = Dy (DyJ D)™ Dy) D,
= DTJD,,
where we used the identity (8.23).
The proof of the dual assertion can be done analogously. ]

l wr } Dy JDL[ W (DyJDL)™'D, |

Now we proceed to the analysis of the conditions (ii) of Theorems 8.1
and 8.2. Analogous to the conditions (i) of Theorems 8.1.and 8.2, they
are also independent of the augmentations. To see this, we represent X
and Y defined in these conditions in terms of the associated Hamiltonian
matrices using the notations introduced in Section 6.4. According to the
notations (6.69) and (6.71), we see that the Riccati equations (8.27) and
(8.37) are represented, respectively, as

Ac|B A
Loz ),Ysz’ch( 1 Br

CH Dy

X=Rz'cf< o 1D
¢ | Pa

) . (8.56)
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B Az 0
| —CLJCq -AL

[ —Bg _
+ | c27De (D&JDg)™* | D§JCs BE | (8.57a)
[ Au _ A% 0
| Cn —BTLJBy —Ay
C’H T\-1
~| Br0n } (DpJDR)™ | DyJB ~Cy |.  (8.57b)

Ag
Cqg | Dg

A+ BF, | BU,

Due to (8.12) and (6.77),
f ( ) C. + D.F, | D,U, )
A| B
(afe) e

where we put F, = —15; 'Cy, Uy, = D;'. Similarly, from (8.20) and
(6.78), it follows that

| A | Br |\ A-B.,D;'C| B, - B.D;'D,
f Cu | Dy =1 D;*c | D;'Dy
~ (| A|Bu

The relation (8.58) implies that we can replace G by a much simpler
” partial plant” P, given in (8.7) to characterize X; that is, X is a solution
to the algebraic Riccati equation

d

XA+ ATX — (CTJD, + XB)(D*JD,) " (DTJC, + BT X)
+CTJjC, =0 (8.60)

which stabilizes

Ag = A+ BF, (8.61)
F:=—(DTJD,)"(DTJC, + BTX). (8.62)
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The equivalence of (8.27) and (8.60) can also be shown by direct manip-
ulations. Equation (8.27) is written as
X(AG + BgFg) + (AG + Bcpg)TX
+ (Cq + DgFg)TJ(Cq + DgFg) = 0, (8.63)

where Fg is given by (8.28b). Routine calculations using (8.12) and
(8.28b) yield

Fg
= —((D.D;"JD, D)"Y (D;" DI J(C,—D,D;'C,)+D,; T BTXT)
=D,F+C,.
Using this relation, we have
Ag + BgFg = A+ BF, (864)
Cg+ DgFg =C,+ D,F. (8.65)

The identity (8.64) establishes (8.61). Equation (8.63) is now written as
X(A+BF)+ (A+BF)"X +(C,+ D,F)TJ(C,+ D,F) =0. (8.66)

Substitution of (8.62) in this equation yields (8.60).

Dually, the relation (8.59) implies that we can replace H by a much
simpler “partial plant” P, given in (8.15) to characterize Y; that is, Y’
is a solution to the algebraic Riccati equation

YAT + AY + (B,JDL — YCT)(D,JDT)™ (D, JBL — CY)

— B,JBL =0, (8.67)

which stabilizes
Ay = A+ LC, (8.68)
L:=—(B,JDI - YCT)(D,JDE)™L. (8.69)

Straightforward computation using (8.20), (8.38b), and (8.69) shows
Ly =B, +LD,.

The equivalence of Equations (8.37) and (8.67) can be proven directly
based on the identities
Ag + LyCy :A-l-LO, (870)
By + LyDy = By + LD, (8.71)
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An alternative representation of (8.67) is given as
Y(A+ LC)T +(A+ LC)Y — (By + LD,)J(B, + LD,)T =0 (8.72)

This representation corresponds to (8.66). Thus, we have established the
following result.

LEMMA 8.7 The solution X of the Riccati equation (8.27) is indepen-
dent of the augmentation (C4, D},) and is characterized by

X = Ric f ([ci’pi ) , (8.73)

and the solution Y of the Riccati equation (8.37) is independent of the
augmentation (BY, D,) and is characterized by

A | By
C | Dy

Now we have shown that the first two conditions of Theorems 8.1 and
8.2 do not depend on the augmentations.

The conditions (iii) in Theorems 8.1 and 8.2 do depend on the aug-
mentations because the solutions X and Y of the Riccati equations (8.29)
and (8.39), respectively, depend on the augmentations. In terms of the
notations of Section 6.4, they can be represented as

Y:Rz‘ch(

> . (8.74)

_ A B T T
X =Ricg ¢|Bo |\ _ g | Ao CelCe , (8.75a)
Ce | Dg —Ac
_ Ay | B - T
Y = Ric g~ i | B |} _ gy | An —BuBa (8.75b)
_ Cu | Dy 0 —AF

The solution X depends on output augmentation (Cj, Dj,), whereas Y
depends on input augmentation (Bj, D},). Now we show that the solu-
tion X (Y") of the Riccati equation (8.27)(Riccati equation (8.37)) which
is independent of the augmentations can be regarded as a sort of maxi-
mum solution of the Riccati equation (8.39)(the Riccati equation (8.29))
with respect to the input(output) augmentations.
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THEOREM 8.8 Assume that the normalized H*® control problem is
solvable for the original plant (8.1) under the assumptions (A1) and
(A2). Then, for each admissible input augmentation, the inequality

Y<X (8.76)

is satisfied. The equality holds iff the input augmentation (B, D},) is
chosen such that
C,+ D,F+JBLX =0, (8.77)

where F is given by (8.62).
Dually, for each admissible output augmentation,

X<y (8.78)

is satisfied. The equality holds iff the output augmentation (Ch, Dy,) is

chosen such that
By + LD, +YCLJ =0, (8.79)

where L is given by (8.69).
Proof. Due to (8.57a), (8.21a), and (8.21b),

Ac|Bs |\
(et

Using (8.75b), we can show the identity

Ag + BuCog 0
—CLJC; —A% —CLBY

+

—By T -1 T
CgJJDG(DGJDG) D¢[ JCs BY .

f Ag | Bg (| Au|Bu
Ce | D¢ g Cy | Dy
B
= _CF;J (J = Dg(Dg&JDg) ' DE) [ JCs BY% ] )
G

Since Dg=D,D;", we have

J— Dg(DEJDg)*Dg = J — D,(DYJD,)"1DY.

Nl

Therefore, due to Lemma 8.5, we have

JEDREE

Ag | Be

Ce | Dg (

CH DH
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Let
. Aq | Bg _ A| B
o~ Ap | Bu

From the preceding inequality, these two Hamiltonian matrices satisfy
the conditions of Lemma 3.7. Hence, the inequality (8.74) is a direct
consequence of Lemma 3.7.

Due to Lemma 3.7, the equality holds iff

(J — Dg(D5JDg) 1 DE)(JCq + BLX) = 0.

Noting the relation (8.21b), we easily see that this relation can be written

as
Ce+ JBIT;X + DgFg =0,

where Fg is given by (8.28a). Due to the identity (8.65), this relation
identical to (8.77).
The dual assertion can be proven based on the relation

() (&)

-CT
| (J = DE(DuJDE) " D) [ JBu Ca |,
which again implies that

() (2D 2

according to (8.49). The rest of the proof is left to the reader. 1

Each input augmentation that satisfies the equality in (8.76) is called
a mazimum input augmentation, and each input augmentation that sat-
isfies the equality in (8.78) is called a mazimum output augmentation.
The following result gives more explicit characterizations of the maxi-
mum augmentations.



8.3. Maximum Augmentations 205

LEMMA 8.9 An output augmentation (C4, Dy,) is mazimum iff
Dy (LD, + B))T + CyY = 0. (8.80)

where
Dy

D, := =D,
Dy

Dually, an input augmentation (B}, D},) is mazimum iff

(D.F +C))"'Djy+ XB, =0, (8.82)

I

0 } . (8.81)

where
D;=[Du Di|=[I 0]D. (8:83)

Proof. Due to Theorem 8.8, it is sufficient to prove that
M :=B,+LD,+YCLJI=0
iff (8.80) holds. From (8.17) and (8.6), it follows that
e[ )| -]
According to the definition (8.69) of L, we have
DyJ(By + LDy)T + D,CgY = DJ(By + LD,)T —CY =0,

-1 Dn]

which implies that D, JMT =0. Since -

[ Do is invert
~[o D;l]] -

ible, the identity (8.79) holds iff
[0 Dy |M"=[0 Dy |J(LDy+ Bu)" - CY =0,

which is equal to (8.80). The condition (8.82) is similarly proven. ]

- Before concluding the section, we remark on an interesting property
of the maximum augmentations.

LEMMA 8.10 If an input augmentation (Bj, D},) is mazimum, then
Ap = Ag. (8.84)
Also, if an output augmentation (C4, Db,) is mazimum, then

— ~

Ag = Ay. (8.85)
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Proof. Due to (8.77) and Y = X, we have

Ay = Ay — ByJBLY = Ay — ByJBLX
= Ay + By(C,+ D,F).

From (8.65), (8.21a), and (8.21b), the identity (8.84) follows immediately.
The identity (8.85) can be shown similarly. 1

8.4 State-Space Solutions

Based on the results of the preceding sections, we can now state the
solution to the normalized H* control problem. The solution is actually
obtained by solving the problem for a maximally augmented plant.

THEOREM 8.11 Under the assumptions (A1) and (A2), the normal-
ized H® control problem is solvable for the plant (8.1) iff

(i) D, given by (8.9) satisfies the inequality
J—D,(DTJD,)*DT > 0.

(11) D,, gien by (8.17) satisfies the inequality
J — DT(DyJDI)™'D,, < 0.

(111) There ezists a solution X > 0 of the algebraic Riccati equation
XA+ ATX — (CTD, + XB)(DTJD,) ™ (DIC; + BTX)
+CTC, =0, (8.86)
D,:=| Dy Dy ], (8.87)
which stabilizes

Ag:= A+ BF,
F = —(DYJD,)"Y(DTJC, + BTX),

or equivalently, there exists

o[22

) > 0. (8.88)
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() There exists a solution Y > 0 of the algebraic Riccati equation

Y AT + AY + (B, DT + YCT)(D,JDL) (D BT + CY)

+B,BT =0, (8.89)
D, := | Pu } , (8.90)
D
which stabilizes
Ay = A+ LC,

L =—(B,DF +vyC*)(D,JDY)™!,

or, equivalently, there exists

A | By
Y = Ric f~ > 0. 8.91
cr(fefm])ze e
(v)
o(XY) <1 (8.92)
In that case, a desired controller is given by
K = HM (1175 S), (8.93)
where S is any matriz in BH*,
A+ LC B, + LD,
My =V, * | Bu+ (8.94)

(D,F+C)I-YX) | I ’
and Vy, is given by (8.52).

Proof. Necessity. If the normalized H* control problem is solvable for
the original plant (8.1), it must be solvable for augmented plants with
admissible augmentations. Therefore, Theorems 8.2 and 8.3 must hold.
The conditions (i) and (ii) are equivalent to Condition (i) of Theorem
8.2 and Condition (i) of Theorem 8.3, respectively, due to Lemma 8.5.
Hence, they are necessary. Conditions (iii) and (iv) are equivalent to
Condition (ii) of Theorem 8.2 and Condition (ii) of Theorem 8.3, re-
spectively, due to Lemma 8.7. Note that the Riccati equations (8.60)
and (8.67) are further simplified to (8.86) and (8.89), respectively, by
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noting that CTJD, = C¥ D, due to (8.9) and B, JDI = —B;DT due
to (8.17). If we consider a maximum output augmentation, the solution
X of (8.29) satisfies X = Y. Hence, Condition (v) follows immediately
from Condition (iv) of Theorem 8.2.

Sufficiency. Consider an output augmented plant (8.5) with max-
imum augmentation. If the conditions (i)~(v) hold, Theorem 8.2 ob-
viously holds with X = Y. Therefore, in view of Theorem 7.7, it is
sufficient to show that the unimodular factor II(s) given by (8.33) is of
lower triangular form (7.72). Since the relation (8.79) holds for each
maximum input augmentation, we have

Bg+XCEJDg = (B+YCLJID,)D;*
= (B — (By + LD,)D,)D;*
= ([0 B,]-LD,D.)D;"

From (8.23) and (8.24), it follows that
Bg+XCEJIDg = —(B,+LDy) 0 |.

Also, from (8.28a) and (8.12), it follows that ﬁy“ lFe=F+ ZA)y“ 1C,. Let
us take (8.50) as a factor. Then,

BD = | VDFTG)
Ty Uo(D.F +D,D;'Cy) |’
~ Vv 0 o
ED'=| " , | En Ey |=U,D,D;"
y Ey En [ 21 22 ] 2Ly

Therefore, we conclude that II(s) given by (8.33) is given by

| Tu(s) O
H(S) - [ H21(8) H22(S) :‘ ’
where I1;;(s) is given by (8.94) and

[ HQI(S) HQQ(S) ]

= Utz

A+LC | B.+LD, 0 }

(F+D;'C,)(I - XX)™" | D;!
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Thus, we have established the theorem. ]

The dual representation of the controller (8.93) is given by
K = DHM (93, S), (8.95)
where S is any matrix in BH™,

A+ BF | -(I1-YX)"Y(B,+LD,)

Qoo =
| ¢+ D,F| I

where V is a nonsingular matrix satisfying (8.55). The controller gener-
ator II! can be explicitly computed based on the representation (8.46)
as

! = |7 (8.97)

A+ BF |-(I-YX)YB,+LD,)
Cy + D,F I

We can derive the unnormalized version of Theorem 8.8 using the scaled
plant (7.36a); that is,

A | B 9B

“1py, P
Py = 7_1 C = Y 'C1 |y "Dy Dy |- (8.98)
Y P P 1 -1
¥ Co |y "Dy 0
Let
-1
v 0
Yoy i= , 8.99
. [ ) I] (399)
Y0
Jyi=¥,JE,= 0 | (8.100)

To get the solvability condition for the plant P,, the following replace-
ments in Theorem 8.11 are in order.

-1Dy D
D, — { TP P } =1%,D,%,. (8.101)
I o
-1 7_1D11 -1 —1
Dy — { A R (8.102)
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"}’_101 -1
C— =~""C. 8.103
7—102 } ( )
B — [B; vB;] = BLy. (8.104)

THEOREM 8.12 The unnormalized H* control problem (7.29) is solv-
able iff

(1) D, gwen by (8.101) satisfies the inequality

J;' = D,(DfJ,D,)"'DI > 0. (8.105)

(11) Dy, given by (8.102) satisfies the inequality
Jy — DI(DyJ;' DY) Dy, < 0. (8.106)
(1ii) There ezists a solution X > 0 of the algebraic Riccati equation
XA+ATX - %(CfDT+XB)(DZJ7DZ)‘1(DTT01+BTX)
+CTC, =0 (8.107)
which stabilizes Ag = A+ BF where

L
F= —?(DZJWDZ)‘I(DTT Ci + BTX). (8.108)

() There exists a solution Y > 0 of the Riccati equation

Y AT + AY — (B,DT+YCT)(D,,J;' D1) " (D,BT +CY)
+B,BT =0, (8.109)

which stabilizes Ay = A + LC with

L=—(BDI +YCT)(D,J;'DL)™". (8.110)

(v)
o(XY) < 4% (8.111)
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In that case, a desired controller is given by (8.93) where S is any matriz
i BH™,

A+ LC B,+ LD,
i =V, hi 5 | ki (8.112)
(DyF+C)(I—72YX)| I
and V,, is given by
DI(v2DyJ;' D) ™' Dy = VL JV,,. (8.113)

Proof. The inequality (8.105) is easily derived from (i) of Theorem
8.11 and (8.101). Also, the inequality (8.106) is similarly derived from
(ii) of Theorem 8.11 and (8.102). The substitution of (8.101)~(8.104) in
(8.86) yields

XA+ ATX
—(v"'C{ D+ XB)(v* D} J,D,) ™ (v DF Ci +vB” X)
+y72C{C, = 0. (8.114)

Multiplication of (8.114) by 4?2 yields

VXA+ ATXAH? — %(C{Dr+72XB)(DZJ7DZ)—1(D,’:P C1+BTX~?)
+CTCy =0.
Taking 72X as a new X yields (8.107). The replacement (8.104) yields
Ag=A+BF = A+ By%,F
12,F = ==(DI,D.)" (D} Cy + BTXY),
Therefore, the assertion (iii) has been proven. Direct computation of

(8.90) with the replacements (8.101) to (8.104) yields (8.109). Also, we
have

Ag = A+77'LC,
YL =Y (BiDIy T + Yy CT) (v 2Dy S, DY)
= —(B, DT +YCT)(D,J,DE)™.
Thus, the statement (iii) has been proven. The replacement X — 2X

in (iv) of Theorem 8.11 yields (8.111). It is straightforward to derive
(8.112) from (8.94). 1
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Similar computation to derive (8.97) yields the controller generator

A+ BF | -(I —y2XY) (B, +LD,) _—

y + D, F | I

8.5 Some Special Cases

In this section, we show that the solvability condition given by Theorem
8.12 can be simplified for several special cases of practical importance.
Simplification of the solvability condition gives a deeper insight into the
structure of H*control.

(i) The case where D, is invertible.

This case corresponds to one of the so-called two-block cases. In this
case, D, is invertible. Hence, Condition (i) of Theorem 8.12 holds with
equality. The Riccati equation (8.107) is written in this case as

1
X(A—ByD3}Cy) + (A= ByDrC1) X — ?XB(DZT J,D,)'BTX =0

(8.115)
and F' in (8.108) is given by
F= l2 T—I (Bf —D;,D;FBI)X
Y D12D11
0
+ (8.116)
D3, (D1’ BT X —Ch) }

The Riccati equation (8.115) is degenerate in the sense that it lacks the
constant term. If A — BQD12 C; is stable, then X = 0 is a solution
of (8.115) which stabilizes A; = A + BF = A — ByDi;*C;. Therefore,
Condition (iii) of Theorem 8.12 is unnecessary. Also, Condition (v) holds
automatically for any +.

(ii) The case where Dy, is invertible.

This corresponds to another two-block case. Since D, is invertible in this
case, Condition (ii) of Theorem 8.12 holds with equality. The Riccati
equation (8.109) is written in this case as

Y (A - B1D;}'Cy)T + (A — B, D;]'Cy)Y
1 1Ty
—?YCT(DWJ,, IDIYICY =0 (8.117)



8.5. Some Special Cases 213

and L in (8.110) is given by

1
L= .7-21/(01—13110;1102)-”" [ -1 DuD;']

+[0 (YCID;T-By)D5 |- (8.118)

If A— B;D;'Cs is stable, Y = 0 is a solution of (8.117) that stabilizes
Ay=A+LC=A- B, D3 Cy. Therefore, Condition (iv) of Theorem
8.12 always holds with Y = 0. Condition (v) is satisfied automatically
for any . We summarize the reasoning.

COROLLARY 8.13 If the assumptions of Theorem 8.2 hold and
D15(Dy;) is invertible, then the H*control problem is solvable iff the
conditions (it)~(v) ((1), (Wi)~(v)) of Theorem 8.12 hold with (8.107)
and (8.108) being replaced by (8.115) and (8.116), respectively (with
(8.109) and (8.110) being replaced by (8.117) and (8.118)). If further,
A — ByD3,'C1(A — B1D5;*Cy) is stable, then the H® control problem is
solvable tff the conditions (i) and (iii) ((ii) and (iv)) of Theorem 8.12
hold.

Remark: The latter part of this corollary implies that the stability of A—
By D1t Cy or A— By D3 C, is a crucial factor of the solvability conditions.
Obviously, A — ByDi3'C) is stable iff P! is stable and A — By D5;}C, is
stable iff Py is stable.

(iii) The case Dq; = 0.
In this case,
D, - 0 Dio D, = -I 0 .
I 0 0 Dy

I — Dy, R7ADF,
J;l—Dz(DZJWDz)—ID%f[ el D, 0],

It follows that

0 0

_ _ 0 0
J’Y*DZJ(D“’Jv ID’”) Dy = 0 D;&Dzl—ljl ,

where
Rz = D%;Dlg, Rw = D21Dg"1. (8119)
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Since D1oR;1DY, < I and DI R;'D,; < I, the inequalities (8.105) and
(8.106) are both satisfied in this case. The Riccati equation (8.107)
becomes in this case

XA+ ATX + %XBIBITX
—(CTDyy + XBo)R;Y(DT,C, + BI X)+ C{C, =0 (8.120)

and F in (8.108) is given by

1
—BTX
F= 27t | P (8.121)
—R;Y(DL,C: + B X) Fu

The Riccati equation (8.109) becomes in this case
1 -
YAT + AY + ?ch C\Y — (B,DI, + YCT)R,} (D1 Bf + CyY)
+B,BY = (8.122)

and L in (8.110) is given by

1
L= [ FYCF ~(BDE +YOf)R! ]

=[L L] (8.123)
Since
DL DI D D= | Lo |
Vi in (8.113) is written as
1/2
V= RS/ _7_1(; L (8.124)
The controller generators are given by
8EH
A+L,Ci+LyCy | —(Ba+L,Dy5) L,
" C’2+1;;21Fw (I—%YX) ' é 2 |
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(8.125)
Iy
A+BiFy+ByF, | (I-7*YX)™ [ By+L.Dyy L, |
= F, I 0 vt
Co + Doy F, 0 I
(8.126)

Now we summarize the result.

COROLLARY 8.14 Assume that D;; = 0 in (8.1). Under the as-
sumptions (A1) and (A2), the unnormalized H*® control problem is solu-
able iff the following conditions hold.

(i) There exists a solution X > 0 of the Riccati equation (8.120) that

stabilizes
Ag=A+ %BlBlTX _ B,R7N(DLC, + BYX),  (8.127)
(i) there exists a solution Y > 0 of the Riccati equation (8.122) that
stabilizes
Ag=A+ %chcl — (BiDL, +YCHR'Cy, (8.128)

(iii) o(XY) < 2.

In that case, the set of desirable controllers is given by (8.93) where 11,
and 113} are given by (8.125) and (8.126), respectively.

Remark : Condition (i) is equivalent to the existence of X = Ric(H,) >
0, where

1
A SBuBf

—CTC, —AT

_‘B2

H, =
‘ CT Dy,

+ R7'[ D%y BY].  (8.129)

Dually, Condition (ii) is equivalent to the existence of Y = Ric(H,) > 0
where
—02T

1
AT f—yacchl
B, D%

—BBT -A

H, = + Ry'[DauBT Cp]. (8.130)
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(iv) The case where Dy; =0, DLC, =0, B;DI =0.
To see the meaning of these assumptions, consider a plant given by

i = Az + Byw; + Bau, (8.131a)
2z = Chx, (8.131b)
29 = Diqu, (8.131c)
y = Cyx + Doyws. (8.131d)

The special features of this plant are twofold: the external signal w;
driving the plant (8.131a) is separated from the external signal wy cor-
rupting the measurement y in (8.131d). Also, the controlled variable z
is divided into two parts as in (8.131b) and (8.131c) so that

|z|I> = 27 CT Cyx + T DL, Dyyu.

The plant (8.131) is described in the general form (8.1) with

o 0
C, = , D=1 - ,
Bl=[Bl 0], D21=[0 Dgl].
In this case, we have
DLCy =0, B,DIL =o. (8.132)
Many practical plants have the form (8.131). The Riccati equation
(8.120) and the gain (8.121) become in this case
1
XA+ ATX + EXBleX — XBR;'BIX +CTCy =0, (8.133)

__1__ Bf
42

—R;'B;

F =

(8.134)

Similarly, the Riccati equation (8.122) and the gain (8.123) become
1
YAT + AY + SYCTC\Y —YC] R,'CoY + BB =0,  (8.135)
Y

1
L=Y[?C&T —ch,;l]=[Lz L] (8.136)
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From (8.132), (8.134), and (8.136), it follows that Do F,, = 0 and
L,D;, = 0. Thus, the controller generators are given by

A+L,Ci+L,C: | -By L,

Iy =V,| [ F, (I_%YX) I 0 |, (8.137)
" Y 0 I
A+BiFy+ByF, | (I-v*YX)"' [ B, -L, |
Iy = F, I 0 | Vul
A
(8.138)

where V,, is given by (8.124). Now we summarize the reasoning.

COROLLARY 8.15 Assume that D1; =0 in (8.1) and the conditions
(8.132) hold. Under the assumptions (A1) and (A2), the unnormalized
H®*>control problem 1is solvable iff the following conditions hold.

(i) There exists a solution X > 0 of the Riccati equation (8.133) that
stabilizes

. 1 :
Ag = A+ (5BBf — B;R;'B)X,
Y

(ii) there exists a solution Y > 0 of the Riccati equation (8.135) that
stabilizes

Ay = A+ Y(%c{c1 — CTR,'Cy),
(iti) o(XY) < ~2.

In that case, the set of all desirable controllers is given by (8.93), where
I, and I3} are given by (8.137) and (8.138), respectively.

Remark : This case was first treated in the well-known paper [24]. There,
the plant was further simplified to R, = I, R, = I.

Notes

The state-space solution to the standard H* control problem derived in
this chapter is nothing but a straightforward application of the results
of the preceding chapters except for the treatment of the augmentations.
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It is interesting that the chain-scattering representations of the plant
P are obtained either by a state feedback and an input transformation
of a simpler plant (a partial plant P,) or by an output insertion and
an output transformation of another partial plant P,. Implications of
these structures need to be exploited further. The key result that deals
with the augmentations is Theorem 8.8 which depends heavily on the
scattering structure of the plant and Lemma 3.7. The maximum aug-
mentation introduced there can be regarded as a class of input/output
augmentations that do not contribute to enhance the performance of H*
control.

The solution to the standard H* control problem was initially re-
ported in [33] for a restricted class of plants without proof. The cele-
brated work [24] was the first paper that described the whole structure
of H*® control systems in a comprehensible way to engineers. However,
the class of plants treated in that paper was limited. The solution to
the problem in the same generality as in Theorems 8.11 and 8.12 was
initially given in a series of papers [34] based on the unitary dilation the-
ory. A more compact derivation was given in [36] based on J-spectrum
factorization which is similar to our approach. A different version of
the chain-scattering representation was used in [96] to derive the solu-
tion to H* control. The approach of [96] can bypass the augmenta-
tion using a factorization technique. Simplified derivations are found in
[43][76](86][66][109][89][92].

The readers may notice that the assumption D;; = 0 simplifies the
derivation significantly, as was noted in 8.5. In [85], it was shown that
we can make this assumption without loss of generality. However, since
the argument of [85] is itself heavy, we followed the most general line of
reasoning.

Recently, the solution to nonstandard cases where the assumption
(A2) does not hold was obtained in an elementary way based on the
linear matrix inequality [30][44].

Problems

[1] Assume that both Dj; and Dy, are invertible. Show that Cg in
(8.6) and By in (8.14) are given, respectively, by

Ce =-D,'C, By =BD;'J
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[2] Under the same assumptions as Problem [1], show that the nor-
malized H* control problem is solvable iff the following conditions

hold.
(i) The Riccati equation
XAZ + AcX + XCLEIC:X =0
has a solution X > 0 that stabilizes Ag + XCEJCG.
(ii) The Riccati equation
XAy + ALX + XByJBLX =0
has a solution X > 0 that stabilizes Ay + ByJ B;IX .
(iii) o(XX) < 1,

where Ag and Cg are given in (8.6) with Dy and Gy being replaced
by D, and C,, respectively, and Ay, By are given in (8.14) with
D, and B, being replaced by Do and Bs, respectively.

[3] Under the same assumption as Problem [1], prove that the follow-
ing identities hold in Theorems 8.2 and 8.3.

X = ?, Y - X,
AG = AH) AH = AG7
Fg=Cy— DyJBLX, Ly=—Bg— CLJDg.

Using these identities, show that

[4] Show that maximum augmentations are always admissible.
[5] Show that the inequality (8.48) holds iff
U :=I — DI,(I — Dyy(DT,Dy5) "' D};) D1y > 0.
Also, show that

B (DLDyp)" Y2 0
? 0 Ui

DIL,Dy,y, DDy,
I 0

satisfies (8.26).
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[6] Show that the inequality (8.49) holds iff
Vi=1I- Dll(I — Dgl(Dlegl)_lD21)D¥; > 0.

Also, show that

5 DT Dy I 0 (DyDL)-1/2
‘ Dy DL 0| | V2 0

satisfies (8.36).

[7] Show that the inequalities (8.105) and (8.106) are always satisfied
for sufficiently large 7.

[8] Show that the Riccati equation (8.118) can be written as
X(A+BF)+(A+BF)TX

v 0
0 O

(8.139)

[9] Let F in (8.106) be written as

as in (8.119) and let z = 24(t) be the output of (8.1) corresponding
to w = wo(t) = Fpz(t) and u = up(t) = F,z(t) with 2(0) = zo.
Show that
/ (& (0)20(t) — 7P (o (t))dt = —aT X,
0

where X is a solution to (8.139).
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Structure of H* Control

9.1 Stability Properties

In this section, we prove the stability of some closed-loop matrices based
on the Riccati equations (8.120) and (8.122), under the standing assump-
tion

Dy; =0. (9.1)

The Riccati equation (8.120) is written as
1
XA+ ATX + ¥XBleX + XByF, + Cl(Cy + D1oF,) =0, (9.2)

where F, is given by (8.121). Using the identity BI X = —(R,F, +
DT,C1) and (8.119), we have an alternative representation of (9.2) as
follows.

X(A+ ByF,) + (A+ ByF)"X
1
+ (Cy + D12 F,)*(Cy + D15 F,) + :Y-Q-XBIB{X =0. (9.3)
If X > 0 is a stabilizing solution of (8.119), Ag = A+ B, F,, + ByF, =
A+ 7_2Ble1X + By F, is stable. We show that A + B, F,, is also stable.

Let A be an eigenvalue of A + ByF, with z being the associated
eigenvector; that is, (A + BoF, )z = Az. From (9.3), it follows that

- 1
A+ N)z* Xz + ||(Cy + D)z |* + ?HB{X:sz =0.

Assume that A + X > 0. Then we have Xz = 0. Hence, /AlGa;A=
(A+~72B;BTX + ByF,)r = Az. This contradicts the stability of Ag.
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Therefore, A + A < 0, which implies that A + B,F, is stable. Thus, we
have established the following result.

LEMMA 9.1 If the Riccati equation (8.120) has a solution X >
which stabilizes A¢ = A+ B1F,, + BoF,, that is, X = Ric(H,) > 0
exists, then A+ ByF, is also stable.

The dual of (9.3) is derived from (8.122) as
Y(A+ L,Cy)" + (A+ L,Cy)Y
1
+ (B1 + LyDgl)(Bl + LyD21)T + :YEYCchly = 0 (94)

Based on this relation, we can establish the dual of Lemma 9.1.

LEMMA 9.2 If the Riccati equation (8.122) has a solution Y
which stabilizes Ay = A+ L,Cy + L,Cs, that is, X = Ric(H,)
exists, then A+ L,C5 is stable.

>0
>0
Now, we derive another stable matrix for later use.

LEMMA 9.3 Assume that the conditions (i)~ (iii) of Corollary 8.14
hold. Then Z := (I — 7 2YX)™'Y > 0 is a solution of the Riccati
equation

Z(A+ BiF,)" + (A+ B,F,)Z
1
+—ZFIR,F,Z + B,Bf — UL,R,LIU" =0, (9.5)
5

such that
R 1

1s stable, where
U=I-~72YXx)™. 9.7)

Proof. Let X = Ric (H,) and let

T .=

I —y2X
0 I '
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Direct computation using (8.130) and (8.121) yields

(A+ B;F,)T ~~2FTR,F,
—B;BT —(A+ B\F,)
CT + F Dy,

TH,T' =

}R;1 [ DuBT Co+ DuF, |.

which is obviously Hamiltonian (See Problem 3.1). Due to a well-known
property of the Riccati equation, Z = Ric (T'H,T~!) (See Problem 3.1).

Hence,
1
} o
Z

From D21B{(I - ’)/—2XY) + (02 + D21Fw)Y = DQIB? + CQY = —Rszj,
we have the identity Dy BY +(Cy+ D1 Fy)Z = =R, LTUT. Using these
relations, we can show (9.5) immediately. 1

|z -1|TH,T

Based on the preceding lemma, we can show the following result.

LEMMA 9.4 Assume that the conditions (i)~ (iii) of Corollary 8.14
hold. Then
A= A+ B,F, + UL,(Cy + Dy F,,) (9.8)

1s stable.

Proof. From (8.123), and the relation (Cy + Dy F,)Z = — (Do BY +
R, LTUT), it follows that ULy R, L7 UT = —UL,(Cy+ D Fyy) Z — Z(Cay+
Do Fy)TLTUT + ByDy Ry DLBY — Z(Cy + Dy Fy)T(Cy + Dy F)Z.
Substitution of this relation into (9.5) yields

. X 1
ZAT 4 AZ+By(I — DLR;' Dy)BY + — ZFTR,F,Z
Y
+Z(02 + D21Fw)T(CQ + D21Fw)Z =0.

Since A; given by (9.6) is stable, (A, R,F,) is detectable. Since I —
Dy R;DI > 0, the assertion follows from the fact shown in Problem
3.6. ]



224 Chapter 9. Structure of H* Control

9.2 Closed-Loop Structure of H*Control

This section is devoted to the investigation of the closed-loop structure
of an H* control system. We focus on the case Dy; = 0 (the third case
in Section 8.5), and show that the controller is actually of the form that
combines state feedback control law with the state estimator, as in the

LQG case.
The plant is now given by
z = Az + Blw + BQU, (998.)
z = Ciz + Dyou, (9.9b)
Yy = Cgl' + D21’w. (99C)

Let X > 0 be a solution to the algebraic Riccati equation (8.120) and
write

() = v Xa. (9.10)
The differential of ¥ (z(t)) along the trajectory of (9.9a) is calculated to
be
d T Ty s
%1/)(35(15)) =0 X+ Xz
= (Az + Byw + Bou)" Xz + 27 X (Az + Byw + Byu)
=2T(ATX + XAz + ¥ (x"FTw + wT Fx)
+u” BY Xz + 27 X Bou.
Using (8.120) and (8.121), we obtain

C(a(0) = " (P FEFuFI R4 CTCh)a

+y2 (2T FXw+w” Fyx)—u' (R, F,+DL,C)x
—"(FI'R,+C{ D12)u

= v (w—Fu2)T (w—Fuz)+7y*wlw
Hu—F,x)" R, (u—F,x)
—(C1$+D12U)T(C1$+D12U)

= 2T 2472wt w—*(w—Fuz)" (w— Fy,z)
Hu— F,2)"R,(u—F,x).

Integration of both sides in the interval [ 0 T | yields

z"(T)Xx(T) — 27 (0)Xx(0) = /OT(“r2l|11)(lf)II2 = [lz@®)I1*)at
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- /0 " u(t) - Fus()]?dt + /O VIRV (u(t) — Fur(t)|Pdt.

Taking z(0) = 0 gives

Tw,uT) = [ @I - Il
= 27 (T)Xz(T) ++* /OT lw(t) — Fux(t)||*dt
~ [T IR (ute) - Fu(e)) Pt (9.11)

This is a key identity from which various properties of H*control can
be extracted. Obviously, J(w,u;T) — 72||w||?> — ||2]|?, as T — oo. The
design objective (7.5) is attained iff

J(w,u;00) >0, Yw € Ly. (9.12)
Actually, if we can implement the state feedback control law
uo = Fuz, (9.13)

the design objective (9.12) is attained with possible equality due to X >
0.

These results can be verified alternatively. The state feedback con-
trol law (9.13) applied to the plant (9.9) yields the closed-loop transfer
function from w to z as

Tow(s) = (C1 + D12 F,)(sI — A — BoF,) ' By.

According to Corollary 3.11, the existence of the solution X > 0 of (9.3)
implies

1Tew(8)lloo < -
Thus the design objective is achieved by the state feedback (9.13).

LEMMA 9.5 The state feedback (9.13) achieves the design objective
for the plant (9.9).

On the other hand, the exogenous signal given by

wo = F,¢ (9.14)
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represents the worst case, in the sense that it maximizes J(w, u; 00). Now
we investigate the closed-loop structure of H*control. As was shown in
Theorem 8.12, a desirable H*controller is given by

K = HM(II;}; 9), (9.15)
where S is an arbitrary matrix in BH* and

A+ BiF, + BF,|U[ B+ L.Dyy —L, |
Iy = F, I 0 | Vol (9.16)
Cs + Doy F, 0 I

Since V,, is given by (8.124), II]}! is described in the state space as
§ = (A+BiFy+ ByF)¢+~U(By+ L.D12)R; Y a

+UL,RY?b, 9.17a
y+tw

u = F,&+yR;Y, (9.17b)

y = (Cy+ Dy F,)¢ — RY?, (9.17¢)

where ¢ is the state of the controller and U is given by (9.7). The
controller (9.14) is obtained by introducing the relation

a = S(s)b.
The controller can be rewritten as

£ = (A+B,F,+ByF,)

+U [(Ba+L:D12)S(s)+ Ly v, (9.18a)
= F,&+ S(s)y, (9.18b)
v = y— (Cg + Dgle)g, (9180)

where S;= yR;'/2S(s)R,'/?. The block-diagram of the above controller
is illustrated in Figure 9.1. If we choose S(s) = 0 in (9.18), we obtain
the so-called central controller, which is described as

€ = AE+ By + Byu — UL, (y — Caf — Dayyal), (9.19a)
u = F, (9.19b)

where
Wy = FLé. (9.20)
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Figure 9.1 Block Diagram of H* Controller.

The representation (9.19a) clarifies the observer structure of the central
controller. The control law (9.19b) is just the replacement of x by &
in (9.13). Hence, (9.20) represents the estimate of the state feedback
control law. The most interesting feature of (9.19a) is that it assumes
the exogenous signal w to be the worst. The signal Wy given by (9.20)
represents the estimate of the worst one. In view of (9.9¢), v = y—Ce€ —
Dy represents the innovation assuming w = wy. The observer gain
is given by UL,. Figure 9.2 illustrates the block diagram of the central
controller.

The central controller is regarded as an observer-based quasi-state
feedback assuming that the exogenous signal is worst, that is, assuming
the plant dynamics

T = (A + Ble).’E + BQ’U,, (921&)
y = (Co+ DioFy)z. (9.21Db)

Substituting (9.20) in (9.19a) yields
£ = (A+ BiF,)E+ Byu— ULy (y — (Cy + Dy1 F)E). (9.22)

which is a usual identity observer for the plant (9.21) with observer
gain UL,. Lemma 9.4 shows that the gain UL, stabilizes (A + B1F,) +
UL,(Cy+ Dy F,), which is certainly necessary for UL, to be an observer
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gain. The control input (9.19b) is clearly the estimate of the control law
(9.13) via the observer (9.19). In the case where the condition (8.132)
holds, the central controller (9.21), (9.19a) is further simplified due to
the obvious relations

DyF,=0, F,=-R'BfX, L,=-YCIR,

R Ny B
S L—u |

Figure 9.2 Block Diagram of Central Controller.

9.3 Examples

In this section, a collection of simple examples is given, which can be
calculated by hand, in order to get an idea of the structure of H*control.

Example 9.1

Consider a first-order plant
T = az+ byw + bou, (9.23a)
z = Cr—+ dlg’u, (923b)
Yy = Cx + dyw, (9.23¢)

where all the quantities in these expressions are scalar. The assumption
(A1) implies that
a<0 or byy#0.

The assumption (A2) implies that

bacy

dy2dg1 # 0, a — T) a
12

_ hie
d21

) # 0.
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The Riccati equation (8.107) (or (8.120)) becomes in this case

bQCl) (bg b%) )
2ila—— | X—-|-+—-——=]X*“=0.
( diz diy  ?

The stabilizing solution X > 0 exists iff 5, > 0, and is given by

0, if a.<0,
X =< 20,

—, if ., >0,
Be
where

b261 . b% b%

e Bei=—— =

Qe = a — =
2 2
diy i

and the stabilized matrix is given by
A+ BF — Qe i-f a. <0,
-, if a.>0.

It is important to notice that the role of F' is to bring the closed-loop

pole at the mirror image of a — bycy /di2, the zero of Pia(s). Dually, the
Riccati equation (8.109)(or (8.138)) becomes in this case

b102> ( cg cf) 9
2{a——=|Y—-[-—=+-—-—=]Y“=0.
( do1 d3, 72

The stabilizing solution Y exists iff 8, > 0, and is given by

0, if ap, <0,
Y ={( 2q,
—, if a, >0,
Bo
where ; ) )
_, 24 &% _a
ao =a d21 I ﬂo d%l 72 bl

and the stabilized matrix (8.110) is given by

A+ LC — o, Tf a, < 0,
—q,, if a,>0.

The solvability condition holds iff one of the following conditions holds
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(i) a. <0, ap <0,
(i) @ >0, a, <0, 5. >0, or
i

)
(i) @ <0, ap >0, 3, >0,
)
(iv) ae >0, o >0, B > 0, B, > 0, VB, > das0re.

The central controller is given by

é = (lg + bl’lf) + bgu + poo(y - 626 - dgl’UA}), (9243,)
u = fof, (9.24b)
W o= ke, (9.24c)

where the three gains fu, ks, and peo are given in Table 9.1.

Case foo koo Poo
. _ G _bL
(l) d12 0 d21
. 1 b1 | 2c00,
W _du ° da1 " 8o
_ sy 2b2ac 2b10&c i
(111) (d12 50 ) Y ﬂc d21
(iv) _(_C_l_ + 252%) 210, ’)’Qﬂcﬂo(hdm + 202ao)
dio Be '72,8c (72ﬂcﬁo - 4acao)dg1ﬁo

Table 9.1 List of Gains of the Controller (9.24)

Ezample 9.2

Consider another first-order system given by
T =azx+w; + bu, (9.25a)
2 =u, (9.25b)
29 = ou, (9.25¢)
Yy = Cox + darws. (9.25d)

This is an example that satisfies the condition (8.132). The design ob-
jective is to satisfy

21 = [ @07 + o*u(t))dt <yl =1 [ w(e)d.
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The Riccati equation (8.133) becomes in this case
20X + (%—%)X%rl:o
This equation has a solution X > 0 such that a + 6X < 0 iff

a®>>6 and ab <O,

where
s L B
v it

The Riccati equation (8.135) becomes

2aY+<—£——c—%—)Y2+1—O
72 d%l ‘

This equation has a solution Y > 0 such that a + €Y < 0, iff

a’>¢, ae<0,

where )

g =

1
v diy
The inequality (8.111) becomes in this case

(a—l— Va2 — 6) (a—l— Va? —s) < y%6e.
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(9.26)

(9.27)

(9.28)

(9.29)

(9.30)

The solvability condition is given by (9.27), (9.29), and (9.30). The

central controller is given by

€ = af + Wy + byt + poo(y — 26 — dgytb),

u = foog>
'UA)l = k'oo§,
ab2 1)
fo = 35 (1 +4/1 - 'd;) ,
(lbl 6
6 a++Va?—¢

Poo = d3 7266—((1—%-\/(12—6) (a+\/a2—e).

(9.31a)
(9.31b)
(9.31¢)

(9.31d)
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For comparison, the LQG controller is given by

§ = a& + byu + pa(y — c26),
u = f2§a

where
1 a? 1
f2 —E (a + b% + 2) 5
Lot a2+ :
=—la
P2 o &
Ezample 9.3
Finally, we consider a second-order system
Ty = Ty, (9.32a)
Ty =w+u, (9.32b)
21 = I, (9.32c)
2y = ou, (9.32d)
Yy =z +dawy, o >0. (9.32e)

The assumptions (Al)~(A3) are satisfied in this case. The Riccati equa-

tion (8.107) becomes
1 10
X 0 + 00 X+ X 0 0 X+ =0.
00 10 0 4y 2—g2 00

It is not difficult to see that this Riccati equation has a stabilizing solu-
tion X > 0, iff

v > o (9.33)

Under this condition, the stabilizing solution is given by

yo| V% 8 1 1 1
s V288 |

Dually, the Riccati equation (8.109) becomes

-2 2
0 0 N 01 ¥ 2= (c2/d21)* 0 Y+ 00 _,
10 00 0 0 01

rERm iy

Y Y+Y
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This Riccati equation has a stabilizing solution Y > 0 iff
v > |d21/C2'.

Under this condition, the stabilizing solution is given by

v — V- ¢e 5} 1 c_%_l

27 g2 2°
€ dy v

e VE| &2 &

The inequality (8.111) is represented as

\/6e(6 +¢€) (\/5+\/E+\/5+6)+65<72.

The central controller is given by

£ = [g (1)}54‘ (1) (1 4+ ) + poo(y — €26 — do1tia),
U =f00§7
wlzkloof?

foo= —o[1 V3],

klwI%[l \/%]7

5
Poo= (I — W“QY‘Xv)_l © %
For comparison, the LQG controller is given by
. o1 0]
= + + — ,
§ [0 0 3 E p2(y — c2€)
U= f2§7
1 /2
f2: - |: - —':| )
c Vo

(]
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Notes

The closed-loop structure of H* control systems has been fully exploited
in [24] under the condition (8.132). An earlier result that recognized the
role of estimators in H* control systems is found in [48]. The state
feedback control law (9.13) was first derived in [49]. An interesting ob-
servation concerning the state feedback H* control is found in [87]. The
identity (9.11) which represents the close tie between H* control and
differential games was found by various authors [70][9][37][93].

Here we note some extensions of the approach taken in this book.
Extensions of the chain-scattering representations to nonstandard cases
were treated in [102][103] based on the descriptor form. A discrete-time
version has now been done in [64]. Some results on nonlinear chain-
scattering representations have been published in [7][8]. Also, the time-
varying version is now being investigated actively by Lee et al. [68][67].

Problems

[1] Show that the Riccati equation (9.3) can be written as

X(A+ BF)+ (A+BF)TX

9.34
+(Cy + Do F,)T(Cy + DyoF,) — v?FFF, = 0. ( )
[2] Let
A+BF | B
Us) = |- 15|
C.+D.F| D,

Using (9.34), show that

U(s)y™ { é _321 } U(s) = [ é _321 } . (9.35)

[3] Using the result of Problem [2], prove that

(o) o0
L7002 = e = [ G = wolP = 42w - wol e,

where vy = F,x and wg = F,x.
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[4] Show that the identity (9.3) implies that
”(Cl + DlgFu)(SI —A— B2Fu)_1B1||oo <.
Consider the implication of this inequality.

[5] Show that, if an input augmentation (Bj, D},) is maximum, that
is, if it satisfies (8.82), the following identity holds:
2"(T)Xz(T) — 2" (0)Xz(0) = fo (Pllw®)II* — [l=()]*)de

R (@l ~ Fulla(e)|2)de
I DR D) 2(a(t) ~ Fuae)) e,

where Dy = [ D}, Dy ], u(t) = [u’(t)T u(t)T ]T and F, =
[0 Fr]".
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